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→ appearing sets and functions can be defined in o-minimal structure

➡ Tameness in Hodge theory: (biased, incomplete list)

‣ Tameness of the period map, mixed period map, period integrals 
                                                                            [Bakker, Klingler Tsimerman ’18]…

‣ Ax-Schanuel conjecture for Hodge structures           [Bakker,Tsimerman ’17]… 
several subsequent generalizations, e.g. to mixed Hodge structures
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➡ finiteness theorem for self-dual classes arose from physics conjecture 
in String theory:
→ solve fifth-force-problem using ‘fluxes’         [Hebecker’s talk]

Calabi-Yau fourfold 
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S⇥ Y‣ 12d manifold:
‣ 4-form:

<latexit sha1_base64="d8omvmKluzovcCcBoGew5wI9E+s="></latexit>

G42 H
4(Y,Z)

<latexit sha1_base64="gqT07xT6om7lPH3dpUb0iM2fFgw="></latexit>Z

Y
G4 ^G4 = ` (in cohom.)

<latexit sha1_base64="F3YjVu1Emwaawp8o3xsF/iqdx8o="></latexit>

⇤G4 = G4

➡ consider 12-dimensional F-theory: 
 

solving Einstein’s equations and other equations of motion

→         is self-dual integral class 
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➡ finiteness theorem for self-dual classes arose from physics conjecture 
in String theory:
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Y
v ^ w

<latexit sha1_base64="Cjk9mD/Q8OOrPZmJQKjOG+VMOS8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ530yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m186JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ22QgNGcoJ5ZQpoW9lbAR1ZShDadkQ/CWX14lrYuqd1W9vL+s1G7zOIpwAqdwDh5cQw3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+56jPo=</latexit>

C➡      be Weil operator:            
<latexit sha1_base64="YEN6ZoEK1f86DbjGsxN8BtZwnp8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyWRol6EYi8eK9gPaGPZbDft0s0m7m4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO822trK6tb2zmtvLbO7t7BXv/oKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf1id+s0RlYpF4l6PY+qFuC9YwAjWRurahSoaoWvEHtL47HGCRl276JScGdAycTNShAy1rv3V6UUkCanQhGOl2q4Tay/FUjPC6STfSRSNMRniPm0bKnBIlZfODp+gE6P0UBBJU0Kjmfp7IsWhUuPQN50h1gO16E3F/7x2ooMrL2UiTjQVZL4oSDjSEZqmgHpMUqL52BBMJDO3IjLAEhNtssqbENzFl5dJ47zkXpTKd+Vi5SaLIwdHcAyn4MIlVOAWalAHAgk8wyu8WU/Wi/VufcxbV6xs5hD+wPr8AfbWkgM=</latexit>

Cv = ip�qv
<latexit sha1_base64="s7baZQwdyQDHWGrF0yamEj+LwiI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvfRYwX5Au5Zsmm1Ds9k0yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBZIzbVz321lb39jc2s7t5Hf39g8OC0fHDR0nitA6iXmsWgHWlDNB64YZTltSURwFnDaD4f3Mb46p0iwWj2YiqR/hvmAhI9hYyR+jDhOo+pTKy9G0Wyi6JXcOtEq8jBQhQ61b+Or0YpJEVBjCsdZtz5XGT7EyjHA6zXcSTSUmQ9ynbUsFjqj20/nRU3RulR4KY2VLGDRXf0+kONJ6EgW2M8JmoJe9mfif105MeOunTMjEUEEWi8KEIxOjWQKoxxQlhk8swUQxeysiA6wwMTanvA3BW355lTSuSt51qfxQLlbusjhycApncAEe3EAFqlCDOhAYwTO8wpszdl6cd+dj0brmZDMn8AfO5w/5T5GZ</latexit>

v 2 H
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<latexit sha1_base64="Ml+H6MRnLbVE0jKXBwRjkPwqFOY=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUoivhYihW5ctmAf0IYymU7boZNJmJkESuifuHGhiFv/xJ1/47TNQlsPXDiccy/33uNHnCntON9Wbm19Y3Mrv13Y2d3bP7APj5oqjCWhDRLyULZ9rChngjY005y2I0lx4HPa8sfVmd9KqFQsFE96ElEvwEPBBoxgbaSebddLXR9LlFxUk3P0gJyeXXTKzhxolbgZKUKGWs/+6vZDEgdUaMKxUh3XibSXYqkZ4XRa6MaKRpiM8ZB2DBU4oMpL55dP0ZlR+mgQSlNCo7n6eyLFgVKTwDedAdYjtezNxP+8TqwHd17KRBRrKshi0SDmSIdoFgPqM0mJ5hNDMJHM3IrICEtMtAmrYEJwl19eJc3LsntTvq5fFSv3WRx5OIFTKIELt1CBR6hBAwgk8Ayv8Gal1ov1bn0sWnNWNnMMf2B9/gCUGpGr</latexit>

Q(v̄, Cv) > 0
<latexit sha1_base64="p3yPotwFKhsRPF7kblEPuXk3E3M=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePiZgHJEuYncwmQ2Znl5leISz5Ay8eFPHqH3nzb5wke9BoQUNR1U13V5BIYdB1v5zCyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxrczv/3ItRGxesBJwv2IDpUIBaNopfsG6ZcrbtWdg/wlXk4qkKPeL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6ZScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZm+TgdCcoZxYQpkW9lbCRlRThjackg3BW375L2mdVb3L6kXjvFK7yeMowhEcwyl4cAU1uIM6NIFBCE/wAq/O2Hl23pz3RWvByWcO4Recj28CU40D</latexit>

Q (e.g.                                  ) 

(e.g. Hodge star              )
<latexit sha1_base64="q0zFQLKGgxQjsPJr8OgTxZ7HfrY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVXxchmIvHiOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6387S8srq2npuI7+5tb2zW9jbr+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1gWJn4jSdUmkfy0Yxi9EPal7zHGTVWeqjcnHYKRbfkTkEWiZeRImSodgpf7W7EkhClYYJq3fLc2PgpVYYzgeN8O9EYUzakfWxZKmmI2k+np47JsVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQM9703E/7xWYnrXfsplnBiUbLaolwhiIjL5m3S5QmbEyBLKFLe3EjagijJj08nbELz5lxdJ/azkXZYu7s+L5dssjhwcwhGcgAdXUIY7qEINGPThGV7hzRHOi/PufMxal5xs5gD+wPn8AX/djUw=</latexit>

C = ⇤



  Finiteness theorem for self-dual classes

➡      smooth complex algebraic variety (e.g. moduli space of Calabi-Yau mfd)

➡ Hodge bundle:                          with fibers   
<latexit sha1_base64="u/xHPvFBqabChGAuIJ8A7ohh3fE="></latexit>

p : E ! M
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HC,x =
M
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Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
is a set definable in the o-minimal structure            
→          has finitely many connected components

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>
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<latexit sha1_base64="bj7F094GCT2Ky4s8bO8MHG/tdrA="></latexit>

S`

<latexit sha1_base64="9cpmao5QIPlYYUNgpR2W27lYDyg="></latexit>

S` =
n
(x, v) 2 E : v 2 HZ,x and Cxv = v and Q(v, v) = `

o

<latexit sha1_base64="bUN95lhcjX+TAna/c48rRqkH8xc=">AAACKXicbVBLSwMxGMzWV62vVY9egkXwUMqu+Dp4KHjxWMU+oLuUbJq2oUl2SbJiWfbvePGveFFQ1Kt/xOy2grYOBIaZ+ZIvE0SMKu04H1ZhYXFpeaW4Wlpb39jcsrd3miqMJSYNHLJQtgOkCKOCNDTVjLQjSRAPGGkFo8vMb90RqWgobvU4Ij5HA0H7FCNtpK5dS7z8ko4cBH7iVJ0clTmSehzpYRAkN2k38SSHSFTIfZSmXbv8k4HzxJ2SMpii3rVfvF6IY06Exgwp1XGdSPsJkppiRtKSFysSITxCA9IxVCBOlJ/kS6bwwCg92A+lOULDXP09kSCu1JgHJpntq2a9TPzP68S6f+4nVESxJgJPHurHDOoQZrXBHpUEazY2BGFJza4QD5FEWJtyS6YEd/bL86R5VHVPqyfXx+XaxbSOItgD++AQuOAM1MAVqIMGwOABPIFX8GY9Ws/Wu/U5iRas6cwu+APr6xvkZ6Nt</latexit>Ran,exp

<latexit sha1_base64="pS3UKlzZ/FtjmCPoM/0LXX1SxS4=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr4WLghs3QgX7gOlQMmmmDc0kQ5IRytDPcONCEbd+jTv/xkw7C209EDiccy8594QJZ9q47rdTWlldW98ob1a2tnd296r7B20tU0Voi0guVTfEmnImaMsww2k3URTHIaedcHyb+50nqjST4tFMEhrEeChYxAg2VvJ7MTYjgnl2P+1Xa27dnQEtE68gNSjQ7Fe/egNJ0pgKQzjW2vfcxAQZVoYRTqeVXqppgskYD6lvqcAx1UE2izxFJ1YZoEgq+4RBM/X3RoZjrSdxaCfziHrRy8X/PD810XWQMZGkhgoy/yhKOTIS5fejAVOUGD6xBBPFbFZERlhhYmxLFVuCt3jyMmmf1b3L+sXDea1xU9RRhiM4hlPw4AoacAdNaAEBCc/wCm+OcV6cd+djPlpyip1D+APn8weD/JFn</latexit>

M

<latexit sha1_base64="Z/XVcorfH+75nGBP0CB0Za8JJuY=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NBiCBhV3xdhKAXjwmYh2RDmJ10kiGzs8vMbEII8eKvePGgiFf/wpt/4yTZg0YLGoqqbrq7/IgzpR3ny0otLC4tr6RXM2vrG5tb9vZORYWxpFCmIQ9lzScKOBNQ1kxzqEUSSOBzqPq9m4lf7YNULBR3ehhBIyAdwdqMEm2kpr1XyvWPB0dXHhO6eY/73gBaHcAD3LSzTt6ZAv8lbkKyKEGxaX96rZDGAQhNOVGq7jqRboyI1IxyGGe8WEFEaI90oG6oIAGoxmj6wRgfGqWF26E0JTSeqj8nRiRQahj4pjMguqvmvYn4n1ePdfuyMWIiijUIOlvUjjnWIZ7EgVtMAtV8aAihkplbMe0SSag2oWVMCO78y39J5STvnufPSqfZwnUSRxrtowOUQy66QAV0i4qojCh6QE/oBb1aj9az9Wa9z1pTVjKzi37B+vgGjQWVsQ==</latexit>

Q(v, w) =

Z

Y
v ^ w

<latexit sha1_base64="Cjk9mD/Q8OOrPZmJQKjOG+VMOS8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ530yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m186JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ22QgNGcoJ5ZQpoW9lbAR1ZShDadkQ/CWX14lrYuqd1W9vL+s1G7zOIpwAqdwDh5cQw3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+56jPo=</latexit>

C➡      be Weil operator:            
<latexit sha1_base64="YEN6ZoEK1f86DbjGsxN8BtZwnp8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyWRol6EYi8eK9gPaGPZbDft0s0m7m4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO822trK6tb2zmtvLbO7t7BXv/oKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf1id+s0RlYpF4l6PY+qFuC9YwAjWRurahSoaoWvEHtL47HGCRl276JScGdAycTNShAy1rv3V6UUkCanQhGOl2q4Tay/FUjPC6STfSRSNMRniPm0bKnBIlZfODp+gE6P0UBBJU0Kjmfp7IsWhUuPQN50h1gO16E3F/7x2ooMrL2UiTjQVZL4oSDjSEZqmgHpMUqL52BBMJDO3IjLAEhNtssqbENzFl5dJ47zkXpTKd+Vi5SaLIwdHcAyn4MIlVOAWalAHAgk8wyu8WU/Wi/VufcxbV6xs5hD+wPr8AfbWkgM=</latexit>

Cv = ip�qv
<latexit sha1_base64="s7baZQwdyQDHWGrF0yamEj+LwiI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvfRYwX5Au5Zsmm1Ds9k0yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBZIzbVz321lb39jc2s7t5Hf39g8OC0fHDR0nitA6iXmsWgHWlDNB64YZTltSURwFnDaD4f3Mb46p0iwWj2YiqR/hvmAhI9hYyR+jDhOo+pTKy9G0Wyi6JXcOtEq8jBQhQ61b+Or0YpJEVBjCsdZtz5XGT7EyjHA6zXcSTSUmQ9ynbUsFjqj20/nRU3RulR4KY2VLGDRXf0+kONJ6EgW2M8JmoJe9mfif105MeOunTMjEUEEWi8KEIxOjWQKoxxQlhk8swUQxeysiA6wwMTanvA3BW355lTSuSt51qfxQLlbusjhycApncAEe3EAFqlCDOhAYwTO8wpszdl6cd+dj0brmZDMn8AfO5w/5T5GZ</latexit>

v 2 H
p,q

be polarization:   
<latexit sha1_base64="Ml+H6MRnLbVE0jKXBwRjkPwqFOY=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUoivhYihW5ctmAf0IYymU7boZNJmJkESuifuHGhiFv/xJ1/47TNQlsPXDiccy/33uNHnCntON9Wbm19Y3Mrv13Y2d3bP7APj5oqjCWhDRLyULZ9rChngjY005y2I0lx4HPa8sfVmd9KqFQsFE96ElEvwEPBBoxgbaSebddLXR9LlFxUk3P0gJyeXXTKzhxolbgZKUKGWs/+6vZDEgdUaMKxUh3XibSXYqkZ4XRa6MaKRpiM8ZB2DBU4oMpL55dP0ZlR+mgQSlNCo7n6eyLFgVKTwDedAdYjtezNxP+8TqwHd17KRBRrKshi0SDmSIdoFgPqM0mJ5hNDMJHM3IrICEtMtAmrYEJwl19eJc3LsntTvq5fFSv3WRx5OIFTKIELt1CBR6hBAwgk8Ayv8Gal1ov1bn0sWnNWNnMMf2B9/gCUGpGr</latexit>

Q(v̄, Cv) > 0
<latexit sha1_base64="p3yPotwFKhsRPF7kblEPuXk3E3M=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePiZgHJEuYncwmQ2Znl5leISz5Ay8eFPHqH3nzb5wke9BoQUNR1U13V5BIYdB1v5zCyura+kZxs7S1vbO7V94/aJk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxrczv/3ItRGxesBJwv2IDpUIBaNopfsG6ZcrbtWdg/wlXk4qkKPeL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6ZScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZm+TgdCcoZxYQpkW9lbCRlRThjackg3BW375L2mdVb3L6kXjvFK7yeMowhEcwyl4cAU1uIM6NIFBCE/wAq/O2Hl23pz3RWvByWcO4Recj28CU40D</latexit>

Q (e.g.                                  ) 

(e.g. Hodge star              )
<latexit sha1_base64="q0zFQLKGgxQjsPJr8OgTxZ7HfrY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVXxchmIvHiOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6387S8srq2npuI7+5tb2zW9jbr+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1gWJn4jSdUmkfy0Yxi9EPal7zHGTVWeqjcnHYKRbfkTkEWiZeRImSodgpf7W7EkhClYYJq3fLc2PgpVYYzgeN8O9EYUzakfWxZKmmI2k+np47JsVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQM9703E/7xWYnrXfsplnBiUbLaolwhiIjL5m3S5QmbEyBLKFLe3EjagijJj08nbELz5lxdJ/azkXZYu7s+L5dssjhwcwhGcgAdXUIY7qEINGPThGV7hzRHOi/PufMxal5xs5gD+wPn8AX/djUw=</latexit>

C = ⇤
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➡ Tameness might be a powerful consistency principle:                            [TG ‘21] 
common property of lower-dimensional theories arising from String theory

Quantum Gravity 
String Theory

models consistent with  
Quantum Gravity

tame set of effective  
theories  

➡ Tameness in Quantum Field Theories (QFTs)    [Douglas,TG,Schlechter ’22+’23]
→ use of many of the recent results on tameness in Hodge theory
→ several new conjectures



Tameness and o-minimal  
structures
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→  no sets with infinite disconnected components: 
      integers, lattices…  

➡ Avoid wild functions and sets:  

➡ Tameness is finiteness principle: ’finiteness of geometric complexity’ 

→  no complicated functions:  
-0.010 -0.005 0.005 0.010

-0.5

0.5

1.0

<latexit sha1_base64="mh10bkzW8Z2X/74pajIOqU99CNY=">AAACB3icbVDJSgNBEO1xjXEb9SjIYBDiwTgT3C5C0IvHCEaFJIaeTo1p0tMzdNdIwjA3L/6KFw+KePUXvPk3dpaD24OCx3tVVNXzY8E1uu6nNTE5NT0zm5vLzy8sLi3bK6uXOkoUgxqLRKSufapBcAk15CjgOlZAQ1/Ald89HfhXd6A0j+QF9mNohvRW8oAzikZq2RtBsbd9DDfpjrfbuylnDYQepprLrGiE7ZZdcEvuEM5f4o1JgYxRbdkfjXbEkhAkMkG1rntujM2UKuRMQJZvJBpiyrr0FuqGShqCbqbDPzJnyyhtJ4iUKYnOUP0+kdJQ637om86QYkf/9gbif149weComXIZJwiSjRYFiXAwcgahOG2ugKHoG0KZ4uZWh3WoogxNdHkTgvf75b/kslzyDkr753uFysk4jhxZJ5ukSDxySCrkjFRJjTByTx7JM3mxHqwn69V6G7VOWOOZNfID1vsXBv6YKQ==</latexit>

f(x) = e�1/x2

sin(1/x)

Recently e.g. 2022 Fields institute program (6 months), future: IAS program
intro book [van den Dries] 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→  no sets with infinite disconnected components: 
      integers, lattices…  

➡ Avoid wild functions and sets:  

➡ Motivation of o-minimal structures in logic: 
avoid hard undecidability questions [Tarski] (Gödel’s theorems are over integers) 

➡ Tameness is finiteness principle: ’finiteness of geometric complexity’ 

→  no complicated functions:  
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<latexit sha1_base64="mh10bkzW8Z2X/74pajIOqU99CNY=">AAACB3icbVDJSgNBEO1xjXEb9SjIYBDiwTgT3C5C0IvHCEaFJIaeTo1p0tMzdNdIwjA3L/6KFw+KePUXvPk3dpaD24OCx3tVVNXzY8E1uu6nNTE5NT0zm5vLzy8sLi3bK6uXOkoUgxqLRKSufapBcAk15CjgOlZAQ1/Ald89HfhXd6A0j+QF9mNohvRW8oAzikZq2RtBsbd9DDfpjrfbuylnDYQepprLrGiE7ZZdcEvuEM5f4o1JgYxRbdkfjXbEkhAkMkG1rntujM2UKuRMQJZvJBpiyrr0FuqGShqCbqbDPzJnyyhtJ4iUKYnOUP0+kdJQ637om86QYkf/9gbif149weComXIZJwiSjRYFiXAwcgahOG2ugKHoG0KZ4uZWh3WoogxNdHkTgvf75b/kslzyDkr753uFysk4jhxZJ5ukSDxySCrkjFRJjTByTx7JM3mxHqwn69V6G7VOWOOZNfID1vsXBv6YKQ==</latexit>
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  What is tameness?

8

→  no sets with infinite disconnected components: 
      integers, lattices…  

➡ Avoid wild functions and sets:  

➡ Motivation of o-minimal structures in logic: 
avoid hard undecidability questions [Tarski] (Gödel’s theorems are over integers) 

➡ Grothendieck’s dream:  
develop mathematical framework for geometry

  →  tame topology   [Esquisse d’un programme]

➡ Tameness is finiteness principle: ’finiteness of geometric complexity’ 

→  no complicated functions:  
-0.010 -0.005 0.005 0.010

-0.5

0.5

1.0

<latexit sha1_base64="mh10bkzW8Z2X/74pajIOqU99CNY=">AAACB3icbVDJSgNBEO1xjXEb9SjIYBDiwTgT3C5C0IvHCEaFJIaeTo1p0tMzdNdIwjA3L/6KFw+KePUXvPk3dpaD24OCx3tVVNXzY8E1uu6nNTE5NT0zm5vLzy8sLi3bK6uXOkoUgxqLRKSufapBcAk15CjgOlZAQ1/Ald89HfhXd6A0j+QF9mNohvRW8oAzikZq2RtBsbd9DDfpjrfbuylnDYQepprLrGiE7ZZdcEvuEM5f4o1JgYxRbdkfjXbEkhAkMkG1rntujM2UKuRMQJZvJBpiyrr0FuqGShqCbqbDPzJnyyhtJ4iUKYnOUP0+kdJQ637om86QYkf/9gbif149weComXIZJwiSjRYFiXAwcgahOG2ugKHoG0KZ4uZWh3WoogxNdHkTgvf75b/kslzyDkr753uFysk4jhxZJ5ukSDxySCrkjFRJjTByTx7JM3mxHqwn69V6G7VOWOOZNfID1vsXBv6YKQ==</latexit>

f(x) = e�1/x2

sin(1/x)

Recently e.g. 2022 Fields institute program (6 months), future: IAS program
intro book [van den Dries] 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‣ closed under projections   (existential quantifier ∃)
‣ sets defined by all real polynomials included (algebraic sets)

➡ structure      :   collect subsets of                                                                                                              
‣ closed under finite unions ⋁, intersections ⋀, complements ¬, products

<latexit sha1_base64="v5NPtPz63B7WaM6LyzaKFTV98e8=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEFyEkpagboejGZRX7gCaWyXTSDp1MwsxEKKG48VfcuFDErV/hzr9x0nahrQcuHM65l3vvCRJGpXKcb6OwtLyyulZcL21sbm3vmLt7TRmnApMGjlks2gGShFFOGooqRtqJICgKGGkFw6vcbz0QIWnM79QoIX6E+pyGFCOlpa554EVIDYIgux3fc8uzIL9wrYpl23bXLDu2MwFcJO6MlMEM9a755fVinEaEK8yQlB3XSZSfIaEoZmRc8lJJEoSHqE86mnIUEelnkxfG8FgrPRjGQhdXcKL+nshQJOUoCnRnfrCc93LxP6+TqvDczyhPUkU4ni4KUwZVDPM8YI8KghUbaYKwoPpWiAdIIKx0aiUdgjv/8iJpVmz31K7eVMu1y1kcRXAIjsAJcMEZqIFrUAcNgMEjeAav4M14Ml6Md+Nj2lowZjP74A+Mzx8k8JVS</latexit>

Rn, n = 1, 2, ...
<latexit sha1_base64="G9WG7kLMFDI/tqUEzRQ01amOGtc=">AAACHXicbZDLSsNAFIYnXmu9RV26CRbBhZRMKb3sim5cVrQXSEKZTCft0MmFmYlQQl7Eja/ixoUiLtyIb+MkzUJbDwx8/P85M2d+N2JUSNP81tbWNza3tks75d29/YND/ei4L8KYY9LDIQv50EWCMBqQnqSSkWHECfJdRgbu7DrzBw+ECxoG93IeEcdHk4B6FCOppJFeT+z8EotPXCcxq6ZpQggvM4DNhqmg3W7VYCu1fSSnGLHkLk1HeiXvVGWsAiygAorqjvRPexzi2CeBxAwJYUEzkk6CuKSYkbRsx4JECM/QhFgKA+QT4ST5YqlxrpSx4YVcnUAaufp7IkG+EHPfVZ3ZjmLZy8T/PCuWXstJaBDFkgR48ZAXM0OGRhaVMaacYMnmChDmVO1q4CniCEsVaFmFAJe/vAr9WhU2qvXbeqVzVcRRAqfgDFwACJqgA25AF/QABo/gGbyCN+1Je9HetY9F65pWzJyAP6V9/QDA256j</latexit>

S



  Tameness - Definition

6

➡ tame/o-minimal structure     :  only subsets of       that are in      are  
                                                       finite unions of points and intervals 

<latexit sha1_base64="unEuT7utuAP30hCdIaTdySdTKpg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APboWTS2zY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybkniAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8k/mtJ1SaR/LBTGL0QzqUfMAZNVZ67IbUjIIgvZ/2yhW36s5AlomXkwrkqPfKX91+xJIQpWGCat3x3Nj4KVWGM4HTUjfRGFM2pkPsWCppiNpPZ4mn5MQqfTKIlH3SkJn6eyOlodaTMLCTWUK96GXif14nMYMrP+UyTgxKNv9okAhiIpKdT/pcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F9Xzu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPwE2Q+w==</latexit>R <latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S

[van den Dries]

‣ closed under projections   (existential quantifier ∃)
‣ sets defined by all real polynomials included (algebraic sets)

➡ structure      :   collect subsets of                                                                                                              
‣ closed under finite unions ⋁, intersections ⋀, complements ¬, products

<latexit sha1_base64="v5NPtPz63B7WaM6LyzaKFTV98e8=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEFyEkpagboejGZRX7gCaWyXTSDp1MwsxEKKG48VfcuFDErV/hzr9x0nahrQcuHM65l3vvCRJGpXKcb6OwtLyyulZcL21sbm3vmLt7TRmnApMGjlks2gGShFFOGooqRtqJICgKGGkFw6vcbz0QIWnM79QoIX6E+pyGFCOlpa554EVIDYIgux3fc8uzIL9wrYpl23bXLDu2MwFcJO6MlMEM9a755fVinEaEK8yQlB3XSZSfIaEoZmRc8lJJEoSHqE86mnIUEelnkxfG8FgrPRjGQhdXcKL+nshQJOUoCnRnfrCc93LxP6+TqvDczyhPUkU4ni4KUwZVDPM8YI8KghUbaYKwoPpWiAdIIKx0aiUdgjv/8iJpVmz31K7eVMu1y1kcRXAIjsAJcMEZqIFrUAcNgMEjeAav4M14Ml6Md+Nj2lowZjP74A+Mzx8k8JVS</latexit>

Rn, n = 1, 2, ...
<latexit sha1_base64="G9WG7kLMFDI/tqUEzRQ01amOGtc=">AAACHXicbZDLSsNAFIYnXmu9RV26CRbBhZRMKb3sim5cVrQXSEKZTCft0MmFmYlQQl7Eja/ixoUiLtyIb+MkzUJbDwx8/P85M2d+N2JUSNP81tbWNza3tks75d29/YND/ei4L8KYY9LDIQv50EWCMBqQnqSSkWHECfJdRgbu7DrzBw+ECxoG93IeEcdHk4B6FCOppJFeT+z8EotPXCcxq6ZpQggvM4DNhqmg3W7VYCu1fSSnGLHkLk1HeiXvVGWsAiygAorqjvRPexzi2CeBxAwJYUEzkk6CuKSYkbRsx4JECM/QhFgKA+QT4ST5YqlxrpSx4YVcnUAaufp7IkG+EHPfVZ3ZjmLZy8T/PCuWXstJaBDFkgR48ZAXM0OGRhaVMaacYMnmChDmVO1q4CniCEsVaFmFAJe/vAr9WhU2qvXbeqVzVcRRAqfgDFwACJqgA25AF/QABo/gGbyCN+1Je9HetY9F65pWzJyAP6V9/QDA256j</latexit>

S
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➡ tame/o-minimal structure     :  only subsets of       that are in      are  
                                                       finite unions of points and intervals 

<latexit sha1_base64="unEuT7utuAP30hCdIaTdySdTKpg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APboWTS2zY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybkniAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8k/mtJ1SaR/LBTGL0QzqUfMAZNVZ67IbUjIIgvZ/2yhW36s5AlomXkwrkqPfKX91+xJIQpWGCat3x3Nj4KVWGM4HTUjfRGFM2pkPsWCppiNpPZ4mn5MQqfTKIlH3SkJn6eyOlodaTMLCTWUK96GXif14nMYMrP+UyTgxKNv9okAhiIpKdT/pcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F9Xzu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPwE2Q+w==</latexit>R <latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S

[van den Dries]

‣ closed under projections   (existential quantifier ∃)
‣ sets defined by all real polynomials included (algebraic sets)

➡ structure      :   collect subsets of                                                                                                              
‣ closed under finite unions ⋁, intersections ⋀, complements ¬, products

<latexit sha1_base64="v5NPtPz63B7WaM6LyzaKFTV98e8=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEFyEkpagboejGZRX7gCaWyXTSDp1MwsxEKKG48VfcuFDErV/hzr9x0nahrQcuHM65l3vvCRJGpXKcb6OwtLyyulZcL21sbm3vmLt7TRmnApMGjlks2gGShFFOGooqRtqJICgKGGkFw6vcbz0QIWnM79QoIX6E+pyGFCOlpa554EVIDYIgux3fc8uzIL9wrYpl23bXLDu2MwFcJO6MlMEM9a755fVinEaEK8yQlB3XSZSfIaEoZmRc8lJJEoSHqE86mnIUEelnkxfG8FgrPRjGQhdXcKL+nshQJOUoCnRnfrCc93LxP6+TqvDczyhPUkU4ni4KUwZVDPM8YI8KghUbaYKwoPpWiAdIIKx0aiUdgjv/8iJpVmz31K7eVMu1y1kcRXAIjsAJcMEZqIFrUAcNgMEjeAav4M14Ml6Md+Nj2lowZjP74A+Mzx8k8JVS</latexit>

Rn, n = 1, 2, ...
<latexit sha1_base64="G9WG7kLMFDI/tqUEzRQ01amOGtc=">AAACHXicbZDLSsNAFIYnXmu9RV26CRbBhZRMKb3sim5cVrQXSEKZTCft0MmFmYlQQl7Eja/ixoUiLtyIb+MkzUJbDwx8/P85M2d+N2JUSNP81tbWNza3tks75d29/YND/ei4L8KYY9LDIQv50EWCMBqQnqSSkWHECfJdRgbu7DrzBw+ECxoG93IeEcdHk4B6FCOppJFeT+z8EotPXCcxq6ZpQggvM4DNhqmg3W7VYCu1fSSnGLHkLk1HeiXvVGWsAiygAorqjvRPexzi2CeBxAwJYUEzkk6CuKSYkbRsx4JECM/QhFgKA+QT4ST5YqlxrpSx4YVcnUAaufp7IkG+EHPfVZ3ZjmLZy8T/PCuWXstJaBDFkgR48ZAXM0OGRhaVMaacYMnmChDmVO1q4CniCEsVaFmFAJe/vAr9WhU2qvXbeqVzVcRRAqfgDFwACJqgA25AF/QABo/gGbyCN+1Je9HetY9F65pWzJyAP6V9/QDA256j</latexit>

S

sets in o-minimal structure      :   tame sets

functions with graph being a tame set:  tame functions

→ tame manifold, tame bundles… a tame geometry

<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
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➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial
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➡ Simplest structure:                   (used e.g. in real algebraic geometry)
‣ generated by zero-sets of finitely many real polynomials: 

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="1kZ5tX+i06eLQff32j0iUZkxm3Q=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2ARKpRhRrwtFIpuXFawF5gOQyZN29BMZkgy0jL0Zdz4Km5cWERw5auYTito64HAx/+fk5z8QcyoVLb9aeSWlldW1/LrhY3Nre0dc3evLqNEYFLDEYtEM0CSMMpJTVHFSDMWBIUBI42gfzvxG49ESBrxBzWMiReiLqcdipHSkm9epa3sEld0Ay+1LTur8gKMqn4flga+U7Ysqzzw+fG1PfLN4o8PF8GZQRHMquqb41Y7wklIuMIMSek6dqy8FAlFMSOjQiuRJEa4j7rE1chRSKSXZguO4JFW2rATCX24gpn6eyJFoZTDMNCdIVI9Oe9NxP88N1GdSy+lPE4U4Xj6UCdhUEVwEhlsU0GwYkMNCAuqd4W4hwTCSgdb0CE4819ehPqJ5ZxbZ/enxcrNLI48OACHoAQccAEq4A5UQQ1g8ARewBsYG8/Gq/FufExbc8ZsZh/8KePrGwLgn2Q=</latexit>

Pk(x1, ..., xn) = 0 complete sets obtained by projection,  
unions,…

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial
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➡ Simplest structure:                   (used e.g. in real algebraic geometry)
‣ generated by zero-sets of finitely many real polynomials: 

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="1kZ5tX+i06eLQff32j0iUZkxm3Q=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2ARKpRhRrwtFIpuXFawF5gOQyZN29BMZkgy0jL0Zdz4Km5cWERw5auYTito64HAx/+fk5z8QcyoVLb9aeSWlldW1/LrhY3Nre0dc3evLqNEYFLDEYtEM0CSMMpJTVHFSDMWBIUBI42gfzvxG49ESBrxBzWMiReiLqcdipHSkm9epa3sEld0Ay+1LTur8gKMqn4flga+U7Ysqzzw+fG1PfLN4o8PF8GZQRHMquqb41Y7wklIuMIMSek6dqy8FAlFMSOjQiuRJEa4j7rE1chRSKSXZguO4JFW2rATCX24gpn6eyJFoZTDMNCdIVI9Oe9NxP88N1GdSy+lPE4U4Xj6UCdhUEVwEhlsU0GwYkMNCAuqd4W4hwTCSgdb0CE4819ehPqJ5ZxbZ/enxcrNLI48OACHoAQccAEq4A5UQQ1g8ARewBsYG8/Gq/FufExbc8ZsZh/8KePrGwLgn2Q=</latexit>

Pk(x1, ..., xn) = 0 complete sets obtained by projection,  
unions,…

➡ General structure:   add more functions                             to generate sets
<latexit sha1_base64="05kBt/aTTEGK+/U2PhBNLeXWnJY="></latexit>

Pk(x1, ..., xm, f1(x), ..., fn(x)) = 0

<latexit sha1_base64="v8yFcmvAeh1IgX9DQjDtV1mqDuk=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiJFxVXRjcsq9gFNDJPppB06MwkzE6WE/oEbf8WNC0XcunXn3zhpC2rrgQuHc+7l3nvChFGlHefLmptfWFxaLqwUV9fWNzbtre2GilOJSR3HLJatECnCqCB1TTUjrUQSxENGmmH/Ivebd0QqGosbPUiIz1FX0IhipI0U2AdRQM88jnQvDLPr4S33JO32NJIyvoc/emCXnLIzApwl7oSUwAS1wP70OjFOOREaM6RU23US7WdIaooZGRa9VJEE4T7qkrahAnGi/Gz0zxDuG6UDo1iaEhqO1N8TGeJKDXhoOvML1bSXi/957VRHp35GRZJqIvB4UZQyqGOYhwM7VBKs2cAQhCU1t0LcQxJhbSIsmhDc6ZdnSeOo7B6XK1eVUvV8EkcB7II9cAhccAKq4BLUQB1g8ACewAt4tR6tZ+vNeh+3zlmTmR3wB9bHNwr1nVA=</latexit>

fi : Rm ! R

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial
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➡ Simplest structure:                   (used e.g. in real algebraic geometry)
‣ generated by zero-sets of finitely many real polynomials: 

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="1kZ5tX+i06eLQff32j0iUZkxm3Q=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2ARKpRhRrwtFIpuXFawF5gOQyZN29BMZkgy0jL0Zdz4Km5cWERw5auYTito64HAx/+fk5z8QcyoVLb9aeSWlldW1/LrhY3Nre0dc3evLqNEYFLDEYtEM0CSMMpJTVHFSDMWBIUBI42gfzvxG49ESBrxBzWMiReiLqcdipHSkm9epa3sEld0Ay+1LTur8gKMqn4flga+U7Ysqzzw+fG1PfLN4o8PF8GZQRHMquqb41Y7wklIuMIMSek6dqy8FAlFMSOjQiuRJEa4j7rE1chRSKSXZguO4JFW2rATCX24gpn6eyJFoZTDMNCdIVI9Oe9NxP88N1GdSy+lPE4U4Xj6UCdhUEVwEhlsU0GwYkMNCAuqd4W4hwTCSgdb0CE4819ehPqJ5ZxbZ/enxcrNLI48OACHoAQccAEq4A5UQQ1g8ARewBsYG8/Gq/FufExbc8ZsZh/8KePrGwLgn2Q=</latexit>

Pk(x1, ..., xn) = 0 complete sets obtained by projection,  
unions,…

➡ General structure:   add more functions                             to generate sets
<latexit sha1_base64="05kBt/aTTEGK+/U2PhBNLeXWnJY="></latexit>

Pk(x1, ..., xm, f1(x), ..., fn(x)) = 0

<latexit sha1_base64="v8yFcmvAeh1IgX9DQjDtV1mqDuk=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSiJFxVXRjcsq9gFNDJPppB06MwkzE6WE/oEbf8WNC0XcunXn3zhpC2rrgQuHc+7l3nvChFGlHefLmptfWFxaLqwUV9fWNzbtre2GilOJSR3HLJatECnCqCB1TTUjrUQSxENGmmH/Ivebd0QqGosbPUiIz1FX0IhipI0U2AdRQM88jnQvDLPr4S33JO32NJIyvoc/emCXnLIzApwl7oSUwAS1wP70OjFOOREaM6RU23US7WdIaooZGRa9VJEE4T7qkrahAnGi/Gz0zxDuG6UDo1iaEhqO1N8TGeJKDXhoOvML1bSXi/957VRHp35GRZJqIvB4UZQyqGOYhwM7VBKs2cAQhCU1t0LcQxJhbSIsmhDc6ZdnSeOo7B6XK1eVUvV8EkcB7II9cAhccAKq4BLUQB1g8ACewAt4tR6tZ+vNeh+3zlmTmR3wB9bHNwr1nVA=</latexit>

fi : Rm ! R

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

➡ Logic perspective:   

all formulas using these symbols and ⋀, ⋁, ¬, ∃, ∀ 

<latexit sha1_base64="TRY6OQULfjGeGKTIDL/dwLKvv0E="></latexit>

RF = hR; +, ·,�, >,Fi F = {f1, f2, ...}
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➡ Some examples:
<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp [Wilkie ’96]‣            :  

<latexit sha1_base64="HTOemOizN0EKWNI9vk9N9s9rjz8=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4PgKcyI20UICuIxglkgE0JPp5I06VnorpGEYY5e/BUvHhTx6id482/sLAdNfFDweK+KqnpeJIVG2/62MguLS8sr2dXc2vrG5lZ+e6eqw1hxqPBQhqruMQ1SBFBBgRLqkQLmexJqXv965NceQGkRBvc4jKDps24gOoIzNFIrv09dn2GPM5ncpPSSugl1EQaYwCBKqZu28gW7aI9B54kzJQUyRbmV/3LbIY99CJBLpnXDsSNsJkyh4BLSnBtriBjvsy40DA2YD7qZjB9J6aFR2rQTKlMB0rH6eyJhvtZD3zOdo6v1rDcS//MaMXYumokIohgh4JNFnVhSDOkoFdoWCjjKoSGMK2FupbzHFONossuZEJzZl+dJ9bjonBVP704KpatpHFmyRw7IEXHIOSmRW1ImFcLJI3kmr+TNerJerHfrY9KasaYzu+QPrM8f8imZUg==</latexit>

F = {exp}

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial
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➡ Some examples:
<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp [Wilkie ’96]‣            :  

<latexit sha1_base64="HTOemOizN0EKWNI9vk9N9s9rjz8=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4PgKcyI20UICuIxglkgE0JPp5I06VnorpGEYY5e/BUvHhTx6id482/sLAdNfFDweK+KqnpeJIVG2/62MguLS8sr2dXc2vrG5lZ+e6eqw1hxqPBQhqruMQ1SBFBBgRLqkQLmexJqXv965NceQGkRBvc4jKDps24gOoIzNFIrv09dn2GPM5ncpPSSugl1EQaYwCBKqZu28gW7aI9B54kzJQUyRbmV/3LbIY99CJBLpnXDsSNsJkyh4BLSnBtriBjvsy40DA2YD7qZjB9J6aFR2rQTKlMB0rH6eyJhvtZD3zOdo6v1rDcS//MaMXYumokIohgh4JNFnVhSDOkoFdoWCjjKoSGMK2FupbzHFONossuZEJzZl+dJ9bjonBVP704KpatpHFmyRw7IEXHIOSmRW1ImFcLJI3kmr+TNerJerHfrY9KasaYzu+QPrM8f8imZUg==</latexit>

F = {exp}

[Denef, van den Dries ’88]‣          :   
<latexit sha1_base64="dAInqm0oys6RbsqoZmvlgenVC+E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXRjcsq9gFNCJPppB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45YcKo0o7zbVXW1jc2t6rbtZ3dvf0D+/Cop+JUYtLFMYvlIESKMCpIV1PNyCCRBPGQkX44vSn8/iORisbiQWcJ8TkaCxpRjLSRArvucaQnYZjfz4LckxwiMQvshtN05oCrxC1JA5ToBPaXN4pxyonQmCGlhq6TaD9HUlPMyKzmpYokCE/RmAwNFYgT5efz8DN4apQRjGJpntBwrv7eyBFXKuOhmSyiqmWvEP/zhqmOrvyciiTVRODFoShlUMewaAKOqCRYs8wQhCU1WSGeIImwNn3VTAnu8pdXSe+86V40W3etRvu6rKMKjsEJOAMuuARtcAs6oAswyMAzeAVv1pP1Yr1bH4vRilXu1MEfWJ8/CBeVBw==</latexit>Ran

<latexit sha1_base64="87ieqQA2tdRwO4HXQukKjnQ4iK0="></latexit>

F = {restricted analytic functions}

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial
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➡ Some examples:
<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp [Wilkie ’96]‣            :  

<latexit sha1_base64="HTOemOizN0EKWNI9vk9N9s9rjz8=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4PgKcyI20UICuIxglkgE0JPp5I06VnorpGEYY5e/BUvHhTx6id482/sLAdNfFDweK+KqnpeJIVG2/62MguLS8sr2dXc2vrG5lZ+e6eqw1hxqPBQhqruMQ1SBFBBgRLqkQLmexJqXv965NceQGkRBvc4jKDps24gOoIzNFIrv09dn2GPM5ncpPSSugl1EQaYwCBKqZu28gW7aI9B54kzJQUyRbmV/3LbIY99CJBLpnXDsSNsJkyh4BLSnBtriBjvsy40DA2YD7qZjB9J6aFR2rQTKlMB0rH6eyJhvtZD3zOdo6v1rDcS//MaMXYumokIohgh4JNFnVhSDOkoFdoWCjjKoSGMK2FupbzHFONossuZEJzZl+dJ9bjonBVP704KpatpHFmyRw7IEXHIOSmRW1ImFcLJI3kmr+TNerJerHfrY9KasaYzu+QPrM8f8imZUg==</latexit>

F = {exp}

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp [van den Dries,Macintyre,Marker ’94]‣ combine:             

[Denef, van den Dries ’88]‣          :   
<latexit sha1_base64="dAInqm0oys6RbsqoZmvlgenVC+E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXRjcsq9gFNCJPppB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45YcKo0o7zbVXW1jc2t6rbtZ3dvf0D+/Cop+JUYtLFMYvlIESKMCpIV1PNyCCRBPGQkX44vSn8/iORisbiQWcJ8TkaCxpRjLSRArvucaQnYZjfz4LckxwiMQvshtN05oCrxC1JA5ToBPaXN4pxyonQmCGlhq6TaD9HUlPMyKzmpYokCE/RmAwNFYgT5efz8DN4apQRjGJpntBwrv7eyBFXKuOhmSyiqmWvEP/zhqmOrvyciiTVRODFoShlUMewaAKOqCRYs8wQhCU1WSGeIImwNn3VTAnu8pdXSe+86V40W3etRvu6rKMKjsEJOAMuuARtcAs6oAswyMAzeAVv1pP1Yr1bH4vRilXu1MEfWJ8/CBeVBw==</latexit>Ran

<latexit sha1_base64="87ieqQA2tdRwO4HXQukKjnQ4iK0="></latexit>

F = {restricted analytic functions}

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial
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➡ Some examples:
<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp [Wilkie ’96]‣            :  

<latexit sha1_base64="HTOemOizN0EKWNI9vk9N9s9rjz8=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4PgKcyI20UICuIxglkgE0JPp5I06VnorpGEYY5e/BUvHhTx6id482/sLAdNfFDweK+KqnpeJIVG2/62MguLS8sr2dXc2vrG5lZ+e6eqw1hxqPBQhqruMQ1SBFBBgRLqkQLmexJqXv965NceQGkRBvc4jKDps24gOoIzNFIrv09dn2GPM5ncpPSSugl1EQaYwCBKqZu28gW7aI9B54kzJQUyRbmV/3LbIY99CJBLpnXDsSNsJkyh4BLSnBtriBjvsy40DA2YD7qZjB9J6aFR2rQTKlMB0rH6eyJhvtZD3zOdo6v1rDcS//MaMXYumokIohgh4JNFnVhSDOkoFdoWCjjKoSGMK2FupbzHFONossuZEJzZl+dJ9bjonBVP704KpatpHFmyRw7IEXHIOSmRW1ImFcLJI3kmr+TNerJerHfrY9KasaYzu+QPrM8f8imZUg==</latexit>

F = {exp}

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp [van den Dries,Macintyre,Marker ’94]‣ combine:             

[Denef, van den Dries ’88]‣          :   
<latexit sha1_base64="dAInqm0oys6RbsqoZmvlgenVC+E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXRjcsq9gFNCJPppB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45YcKo0o7zbVXW1jc2t6rbtZ3dvf0D+/Cop+JUYtLFMYvlIESKMCpIV1PNyCCRBPGQkX44vSn8/iORisbiQWcJ8TkaCxpRjLSRArvucaQnYZjfz4LckxwiMQvshtN05oCrxC1JA5ToBPaXN4pxyonQmCGlhq6TaD9HUlPMyKzmpYokCE/RmAwNFYgT5efz8DN4apQRjGJpntBwrv7eyBFXKuOhmSyiqmWvEP/zhqmOrvyciiTVRODFoShlUMewaAKOqCRYs8wQhCU1WSGeIImwNn3VTAnu8pdXSe+86V40W3etRvu6rKMKjsEJOAMuuARtcAs6oAswyMAzeAVv1pP1Yr1bH4vRilXu1MEfWJ8/CBeVBw==</latexit>Ran

<latexit sha1_base64="87ieqQA2tdRwO4HXQukKjnQ4iK0="></latexit>

F = {restricted analytic functions}

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

‣ Pfaffian extension:               includes solutions to 
<latexit sha1_base64="+N4xeQ8rsj8CoyrgGut8n5scWPM=">AAACCXicbZC7TsMwFIadcivlFmBksaiQylIliNtYwcJYEL1ITVQ5jtNadZzIdpCqKCsLr8LCAEKsvAEbb4OTZoCWX7L06T/nyOf8XsyoVJb1bVSWlldW16rrtY3Nre0dc3evK6NEYNLBEYtE30OSMMpJR1HFSD8WBIUeIz1vcp3Xew9ESBrxezWNiRuiEacBxUhpa2hCJ0RqjBFL21mjYM9LHUWZTyC8y47h0KxbTasQXAS7hDoo1R6aX44f4SQkXGGGpBzYVqzcFAlFMSNZzUkkiRGeoBEZaOQoJNJNi0syeKQdHwaR0I8rWLi/J1IUSjkNPd2Z7yrna7n5X22QqODSTSmPE0U4nn0UJAyqCOaxQJ8KghWbakBYUL0rxGMkEFY6vJoOwZ4/eRG6J037vHl2e1pvXZVxVMEBOAQNYIML0AI3oA06AINH8AxewZvxZLwY78bHrLVilDP74I+Mzx+j/Zmm</latexit>

P(R̃) <latexit sha1_base64="sKDK/8DlmM8GuiURefMsR3mV13U=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpREfG2EoiAuK9gHtCFMppN26GQSZibSErpz46+4caGIW3/BnX/jpM1CWw9cOJxzL/fe40WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3GjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0Btep33wgQtKQ36tRRJwA9Tj1KUZKS66534mQUBQxNxm6dAx9eAlvXFoaHvmlYbnsmkWrYk0A54mdkSLIUHPNr043xHFAuMIMSdm2rUg5SboDMzIudGJJIoQHqEfamnIUEOkkkz/G8FArXeiHQhdXcKL+nkhQIOUo8HRngFRfznqp+J/XjpV/4SSUR7EiHE8X+TGDKoRpKLBLBcGKjTRBWFB9K8R9JBBWOrqCDsGefXmeNI4r9lnl9O6kWL3K4siDPXAASsAG56AKbkEN1AEGj+AZvII348l4Md6Nj2lrzshmdsEfGJ8/ySOX9g==</latexit>

@xif = Fi(x, f(x))

functions in o-minimal structure 
<latexit sha1_base64="HxB+pPQlM9tRJxVdG8t/bUxcGOQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQEI8RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6v+nxXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ezutFK7yuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcXpI2w</latexit>

Fi

<latexit sha1_base64="zI8dl67vhjlcpqVdbRZ6AkLcjtM=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCWI11jBwlgQfUhNVDmO21p1nMi+AVWhn8LCAEKsfAkbf4PTZoDCkSwdnXOv7vEJEsE1OM6XVVpaXlldK69XNja3tnfs6m5bx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC+yv3OPVOax/IOJgnzIzKUfMApASP17aoXERgFQeYBFyHDt9O+XXPqzgz4L3ELUkMFmn370wtjmkZMAhVE657rJOBnRAGngk0rXqpZQuiYDFnPUEkipv1sFn2KD40S4kGszJOAZ+rPjYxEWk+iwEzmQfWil4v/eb0UBhd+xmWSApN0fmiQCgwxznvAIVeMgpgYQqjiJiumI6IIBdNWxZTgLn75L2kf192z+unNSa1xWdRRRvvoAB0hF52jBrpGTdRCFD2gJ/SCXq1H69l6s97noyWr2NlDv2B9fAM/iJQB</latexit>

R̃ [Speissegger ’97]
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➡ Some examples:
<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp [Wilkie ’96]‣            :  

<latexit sha1_base64="HTOemOizN0EKWNI9vk9N9s9rjz8=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4PgKcyI20UICuIxglkgE0JPp5I06VnorpGEYY5e/BUvHhTx6id482/sLAdNfFDweK+KqnpeJIVG2/62MguLS8sr2dXc2vrG5lZ+e6eqw1hxqPBQhqruMQ1SBFBBgRLqkQLmexJqXv965NceQGkRBvc4jKDps24gOoIzNFIrv09dn2GPM5ncpPSSugl1EQaYwCBKqZu28gW7aI9B54kzJQUyRbmV/3LbIY99CJBLpnXDsSNsJkyh4BLSnBtriBjvsy40DA2YD7qZjB9J6aFR2rQTKlMB0rH6eyJhvtZD3zOdo6v1rDcS//MaMXYumokIohgh4JNFnVhSDOkoFdoWCjjKoSGMK2FupbzHFONossuZEJzZl+dJ9bjonBVP704KpatpHFmyRw7IEXHIOSmRW1ImFcLJI3kmr+TNerJerHfrY9KasaYzu+QPrM8f8imZUg==</latexit>

F = {exp}

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp [van den Dries,Macintyre,Marker ’94]‣ combine:             

[Denef, van den Dries ’88]‣          :   
<latexit sha1_base64="dAInqm0oys6RbsqoZmvlgenVC+E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRS1GXRjcsq9gFNCJPppB06MwkzEyGE+ituXCji1g9x5984abPQ1gMDh3Pu5Z45YcKo0o7zbVXW1jc2t6rbtZ3dvf0D+/Cop+JUYtLFMYvlIESKMCpIV1PNyCCRBPGQkX44vSn8/iORisbiQWcJ8TkaCxpRjLSRArvucaQnYZjfz4LckxwiMQvshtN05oCrxC1JA5ToBPaXN4pxyonQmCGlhq6TaD9HUlPMyKzmpYokCE/RmAwNFYgT5efz8DN4apQRjGJpntBwrv7eyBFXKuOhmSyiqmWvEP/zhqmOrvyciiTVRODFoShlUMewaAKOqCRYs8wQhCU1WSGeIImwNn3VTAnu8pdXSe+86V40W3etRvu6rKMKjsEJOAMuuARtcAs6oAswyMAzeAVv1pP1Yr1bH4vRilXu1MEfWJ8/CBeVBw==</latexit>Ran

<latexit sha1_base64="87ieqQA2tdRwO4HXQukKjnQ4iK0="></latexit>

F = {restricted analytic functions}

➡ Note: There are many known o-minimal structures.
‣ examples are obtained by stating which functions are allowed  

to generate the sets  →  non-trivial

‣ Pfaffian extension:               includes solutions to 
<latexit sha1_base64="+N4xeQ8rsj8CoyrgGut8n5scWPM=">AAACCXicbZC7TsMwFIadcivlFmBksaiQylIliNtYwcJYEL1ITVQ5jtNadZzIdpCqKCsLr8LCAEKsvAEbb4OTZoCWX7L06T/nyOf8XsyoVJb1bVSWlldW16rrtY3Nre0dc3evK6NEYNLBEYtE30OSMMpJR1HFSD8WBIUeIz1vcp3Xew9ESBrxezWNiRuiEacBxUhpa2hCJ0RqjBFL21mjYM9LHUWZTyC8y47h0KxbTasQXAS7hDoo1R6aX44f4SQkXGGGpBzYVqzcFAlFMSNZzUkkiRGeoBEZaOQoJNJNi0syeKQdHwaR0I8rWLi/J1IUSjkNPd2Z7yrna7n5X22QqODSTSmPE0U4nn0UJAyqCOaxQJ8KghWbakBYUL0rxGMkEFY6vJoOwZ4/eRG6J037vHl2e1pvXZVxVMEBOAQNYIML0AI3oA06AINH8AxewZvxZLwY78bHrLVilDP74I+Mzx+j/Zmm</latexit>

P(R̃) <latexit sha1_base64="sKDK/8DlmM8GuiURefMsR3mV13U=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQgpREfG2EoiAuK9gHtCFMppN26GQSZibSErpz46+4caGIW3/BnX/jpM1CWw9cOJxzL/fe40WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3GjKMBSZ1HLJQtDwkCaOc1BVVjLQiQVDgMdL0Btep33wgQtKQ36tRRJwA9Tj1KUZKS66534mQUBQxNxm6dAx9eAlvXFoaHvmlYbnsmkWrYk0A54mdkSLIUHPNr043xHFAuMIMSdm2rUg5SboDMzIudGJJIoQHqEfamnIUEOkkkz/G8FArXeiHQhdXcKL+nkhQIOUo8HRngFRfznqp+J/XjpV/4SSUR7EiHE8X+TGDKoRpKLBLBcGKjTRBWFB9K8R9JBBWOrqCDsGefXmeNI4r9lnl9O6kWL3K4siDPXAASsAG56AKbkEN1AEGj+AZvII348l4Md6Nj2lrzshmdsEfGJ8/ySOX9g==</latexit>

@xif = Fi(x, f(x))

functions in o-minimal structure 
<latexit sha1_base64="HxB+pPQlM9tRJxVdG8t/bUxcGOQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQEI8RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WDGSfoR3QgecgZNVa6v+nxXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ezutFK7yuMowgEcwjF4cAE1uIU6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcXpI2w</latexit>

Fi

<latexit sha1_base64="zI8dl67vhjlcpqVdbRZ6AkLcjtM=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCWI11jBwlgQfUhNVDmO21p1nMi+AVWhn8LCAEKsfAkbf4PTZoDCkSwdnXOv7vEJEsE1OM6XVVpaXlldK69XNja3tnfs6m5bx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC+yv3OPVOax/IOJgnzIzKUfMApASP17aoXERgFQeYBFyHDt9O+XXPqzgz4L3ELUkMFmn370wtjmkZMAhVE657rJOBnRAGngk0rXqpZQuiYDFnPUEkipv1sFn2KD40S4kGszJOAZ+rPjYxEWk+iwEzmQfWil4v/eb0UBhd+xmWSApN0fmiQCgwxznvAIVeMgpgYQqjiJiumI6IIBdNWxZTgLn75L2kf192z+unNSa1xWdRRRvvoAB0hF52jBrpGTdRCFD2gJ/SCXq1H69l6s97noyWr2NlDv2B9fAM/iJQB</latexit>

R̃ [Speissegger ’97]

to the domain 0  �  a are restricted analytic functions. e
r, r 2 R is not

restricted analytic and Ran,exp has to be used to make ez definable on the domain
0  �  a. We stress that even though Ran,exp is significantly larger than Ralg,
there are commonly appearing functions that are not definable in this structure.
Most notably, neither the Gamma-function �(x) on (0,1) nor the Riemann Zeta-
function on (1,1) are definable in Ran,exp as shown in [16].

It is important to stress that the theory of o-minimal structures is very rich
and still under investigation. To give an example of this, let us note that a long-
standing question of whether or not one can construct an o-minimal structure
that makes both �(x)|(0,1) and ⇣(x)|(0,1) definable was only answered very re-
cently. It has been proved more than two decades ago in [17] that one construct
two di↵erent o-minimal structures making either one or the other function de-
finable. To show that there is a structure in which both are definable was only
achieved earlier this year in [18]. This example indicates that, in general, it is
not possible to simply combine o-minimal structures to find larger structures.
Whether or not there is a single o-minimal structure that su�ces for all physical
applications is an open and challenging question. In this work, it will be often
su�cient to consider the o-minimal structure Ran,exp, but it is important to keep
in mind that the generalized finiteness properties and the logical completeness
statements are present in all o-minimal structures.

3 Tameness of perturbative amplitudes

In this section we will make our main statement and sketch the proof of the
Theorem stated in section 1.1. For this we first carefully define our setup and the
involved spaces. Our starting point is a quantum field theory on a d-dimensional
space-time defined by a Lagrangian L. We require this theory to be local and
describe the dynamics of finitely many fields which are either scalars, fermions,
gauge fields, or higher form fields. We stress that the considered Lagrangians
are thus assumed to have only finitely many terms that depend polynomially
on the fields of the theory. This will ensure that in perturbation theory the
physical amplitudes can be computed to a certain fixed loop-level using a finite
number of propagators and interaction vertices. Our main statement will also
need renormalizablity of the QFT, since it relies on the presence of only finitely

many counterterms. We will comment on the treatment of non-renormalizable
e↵ective theories and later return to these cases in section 5.

11

<latexit sha1_base64="ZzoReax2RSmIYoaTQBqfVVd4sgc=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEILUhJpKjHohePFewHtKVstpt26WYTdidiTXvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXleJLgGx/m2lpZXVtfWMxvZza3tnV17b7+mw1hRVqWhCFXDI5oJLlkVOAjWiBQjgSdY3RtcT/z6PVOah/IOhhFrB6Qnuc8pASN17MPWIwOSfyiMOknePW1x6cOwMO7YOafoTIEXiZuSHEpR6dhfrW5I44BJoIJo3XSdCNoJUcCpYONsK9YsInRAeqxpqCQB0+1kev8Ynxili/1QmZKAp+rviYQEWg8Dz3QGBPp63puI/3nNGPzLdsJlFAOTdLbIjwWGEE/CwF2uGAUxNIRQxc2tmPaJIhRMZFkTgjv/8iKpnRXd82LptpQrX6VxZNAROkZ55KILVEY3qIKqiKIRekav6M16sl6sd+tj1rpkpTMH6A+szx/3YZVw</latexit>

⇣(x)|(1,1) [Rolin,Servi,Speissegger ’22]‣ structure including                    and 

・・・・・・



  Examples and Non-Examples

➡ Consider function:   
<latexit sha1_base64="BOXkQ8poL0betLJC+AC5LNjM5/k="></latexit>

f : R ! R

5



  Examples and Non-Examples

➡ Consider function:   

tame function split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f

<latexit sha1_base64="BOXkQ8poL0betLJC+AC5LNjM5/k="></latexit>

f : R ! R

5



  Examples and Non-Examples

➡ Consider function:   

tame function split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f

→  finitely many minima and maxima, tame tail to infinity

<latexit sha1_base64="BOXkQ8poL0betLJC+AC5LNjM5/k="></latexit>

f : R ! R

5



  Examples and Non-Examples

➡ Consider function:   

    
<latexit sha1_base64="MoiJ6VDY3ijSADzRl6Do1n96lTw="></latexit>

sin(x), x 2 R

➡ Periodic functions                                  are never tame (when not constant)
<latexit sha1_base64="R5lWx3pclN03jNeJU3j6Z2PR/4w=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFahDIjvjZC0Y3LCvYB06Fk0kwbmkmGJCOWoZ/hxoUibv0ad/6N6WOhrQdCDufcy733hAln2rjut7O0vLK6tp7byG9ube/sFvb2G1qmitA6kVyqVog15UzQumGG01aiKI5DTpvh4HbsNx+p0kyKBzNMaBDjnmARI9hYyY9KTyeifG2/cqdQdCvuBGiReDNShBlqncJXuytJGlNhCMda+56bmCDDyjDC6SjfTjVNMBngHvUtFTimOsgmK4/QsVW6KJLKPmHQRP3dkeFY62Ec2soYm76e98bif56fmugqyJhIUkMFmQ6KUo6MROP7UZcpSgwfWoKJYnZXRPpYYWJsSnkbgjd/8iJpnFa8i8r5/VmxejOLIweHcAQl8OASqnAHNagDAQnP8ApvjnFenHfnY1q65Mx6DuAPnM8fkKWQJg==</latexit>

f(x+ n) = f(x)

tame function split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f

→  finitely many minima and maxima, tame tail to infinity

<latexit sha1_base64="BOXkQ8poL0betLJC+AC5LNjM5/k="></latexit>

f : R ! R

5



Tameness in Hodge theory



  Tameness of periods

➡ Tameness of period map was shown in [Bakker,Klingler,Tsimerman ‘18] 



  Tameness of periods

➡ Tameness of period map was shown in [Bakker,Klingler,Tsimerman ‘18] 

‣ Weil operator       is definable in                 . 
<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

Theorems:



  Tameness of periods

➡ Tameness of period map was shown in [Bakker,Klingler,Tsimerman ‘18] 

<latexit sha1_base64="B3KE+wDBCb+cBnJ8+50dPA3hNzc=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAInuKuBBVPwRwUvEQwD0iWMDuZJENmZ5eZWSUuwV/x4kERr/6HN//GSbIHTSxoKKq66e7yI86UdpxvK7OwuLS8kl3Nra1vbG7Z2zs1FcaS0CoJeSgbPlaUM0GrmmlOG5GkOPA5rfuD8tiv31OpWCju9DCiXoB7gnUZwdpIbXuvfIEaqCVZr6+xlOEDujq+adt5p+BMgOaJm5I8pKi07a9WJyRxQIUmHCvVdJ1IewmWmhFOR7lWrGiEyQD3aNNQgQOqvGRy/QgdGqWDuqE0JTSaqL8nEhwoNQx80xlg3Vez3lj8z2vGunvuJUxEsaaCTBd1Y450iMZRoA6TlGg+NAQTycytiPSxxESbwHImBHf25XlSOym4p4XibTFfukzjyMI+HMARuHAGJbiGClSBwCM8wyu8WU/Wi/VufUxbM1Y6swt/YH3+AKpalBc=</latexit>

C : X ! G/K <latexit sha1_base64="PZkdVjxFRt/P1YIpXd9Kis+LtTk=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIFaTOSFGXxW4ENy3YC7SlZNJMG5pJhuSMWIY+hhtfxY0LRdx259uYXhZa/SHw8Z9zODm/HwluwHW/nNTK6tr6Rnozs7W9s7uX3T+oGxVrympUCaWbPjFMcMlqwEGwZqQZCX3BGv6wPK03Hpg2XMl7GEWsE5K+5AGnBKzVzZ7ftYE9QoKVhoHqK0kE7msVR1gFeFzNt2lPwVm5687gFHezObfgzoT/greAHFqo0s1O2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlUZKQmU4yO2yMT6zTw4HS9knAM/fnREJCY0ahbztDAgOzXJua/9VaMQTXnYTLKAYm6XxREAsMCk9Twj2uGQUxskCo5vavmA6IJhRslhkbgrd88l+oXxS8y0KxWsyVbhZxpNEROkZ55KErVEK3qIJqiKIn9ILe0Lvz7Lw6H87nvDXlLGYO0S85k2+eep95</latexit>

K orthogonal group of Q(·, C0·)

<latexit sha1_base64="VNhCZft+CVHkCgLAVJC5WuVOtVM=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGVGirosutBlC/YBbSmZNNOGZpIhuSOWoT/hxl9x40IRt4I7/8b0sdDWA/dyOOdeknv8SHADrvvtpFZW19Y30puZre2d3b3s/kHdqFhTVqNKKN30iWGCS1YDDoI1I81I6AvW8IfXE79xz7ThSt7BKGKdkPQlDzglYKVutnDTBvYACVYaBqqvJBG4r1UcYRXgcTXfpj0FhWk/xd1szi26U+Bl4s1JDs1R6Wa/2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlqSQhM51ketUYn1ilhwOlbUnAU/X3RkJCY0ahbydDAgOz6E3E/7xWDMFlJ+EyioFJOnsoiAUGhScR4R7XjIIYWUKo5vavmA6IJhRskBkbgrd48jKpnxW982KpWsqVr+ZxpNEROkZ55KELVEa3qIJqiKJH9Ixe0Zvz5Lw4787HbDTlzHcO0R84nz+5Op6F</latexit>

G orthogonal group of Q(·, ·)

Proof:  uses crucially nilpotent orbit theorem.

‣ Weil operator       is definable in                 . 
<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

Theorems:



  Tameness of periods

➡ Tameness of period map was shown in [Bakker,Klingler,Tsimerman ‘18] 

<latexit sha1_base64="B3KE+wDBCb+cBnJ8+50dPA3hNzc=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAInuKuBBVPwRwUvEQwD0iWMDuZJENmZ5eZWSUuwV/x4kERr/6HN//GSbIHTSxoKKq66e7yI86UdpxvK7OwuLS8kl3Nra1vbG7Z2zs1FcaS0CoJeSgbPlaUM0GrmmlOG5GkOPA5rfuD8tiv31OpWCju9DCiXoB7gnUZwdpIbXuvfIEaqCVZr6+xlOEDujq+adt5p+BMgOaJm5I8pKi07a9WJyRxQIUmHCvVdJ1IewmWmhFOR7lWrGiEyQD3aNNQgQOqvGRy/QgdGqWDuqE0JTSaqL8nEhwoNQx80xlg3Vez3lj8z2vGunvuJUxEsaaCTBd1Y450iMZRoA6TlGg+NAQTycytiPSxxESbwHImBHf25XlSOym4p4XibTFfukzjyMI+HMARuHAGJbiGClSBwCM8wyu8WU/Wi/VufUxbM1Y6swt/YH3+AKpalBc=</latexit>

C : X ! G/K <latexit sha1_base64="PZkdVjxFRt/P1YIpXd9Kis+LtTk=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIFaTOSFGXxW4ENy3YC7SlZNJMG5pJhuSMWIY+hhtfxY0LRdx259uYXhZa/SHw8Z9zODm/HwluwHW/nNTK6tr6Rnozs7W9s7uX3T+oGxVrympUCaWbPjFMcMlqwEGwZqQZCX3BGv6wPK03Hpg2XMl7GEWsE5K+5AGnBKzVzZ7ftYE9QoKVhoHqK0kE7msVR1gFeFzNt2lPwVm5687gFHezObfgzoT/greAHFqo0s1O2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlUZKQmU4yO2yMT6zTw4HS9knAM/fnREJCY0ahbztDAgOzXJua/9VaMQTXnYTLKAYm6XxREAsMCk9Twj2uGQUxskCo5vavmA6IJhRslhkbgrd88l+oXxS8y0KxWsyVbhZxpNEROkZ55KErVEK3qIJqiKIn9ILe0Lvz7Lw6H87nvDXlLGYO0S85k2+eep95</latexit>

K orthogonal group of Q(·, C0·)

<latexit sha1_base64="VNhCZft+CVHkCgLAVJC5WuVOtVM=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGVGirosutBlC/YBbSmZNNOGZpIhuSOWoT/hxl9x40IRt4I7/8b0sdDWA/dyOOdeknv8SHADrvvtpFZW19Y30puZre2d3b3s/kHdqFhTVqNKKN30iWGCS1YDDoI1I81I6AvW8IfXE79xz7ThSt7BKGKdkPQlDzglYKVutnDTBvYACVYaBqqvJBG4r1UcYRXgcTXfpj0FhWk/xd1szi26U+Bl4s1JDs1R6Wa/2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlqSQhM51ketUYn1ilhwOlbUnAU/X3RkJCY0ahbydDAgOz6E3E/7xWDMFlJ+EyioFJOnsoiAUGhScR4R7XjIIYWUKo5vavmA6IJhRskBkbgrd48jKpnxW982KpWsqVr+ZxpNEROkZ55KELVEa3qIJqiKJH9Ixe0Zvz5Lw4787HbDTlzHcO0R84nz+5Op6F</latexit>

G orthogonal group of Q(·, ·)

Proof:  uses crucially nilpotent orbit theorem.

‣ Weil operator period map       is definable in                 .
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

<latexit sha1_base64="5woa2AhwFXqrkL5bju3TM2iWDCI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwhs/YzJJDZVkuShMOTIxyh9HY6YoMXxmCSaK2VsRibDCxNh4KjYEb/XlddK9qnvNeuOhUWvdFnGU4QzO4RI8uIYW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPlp44o</latexit>

�

‣ Weil operator       is definable in                 . 
<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

Theorems:



  Tameness of periods

➡ Tameness of period map was shown in [Bakker,Klingler,Tsimerman ‘18] 

<latexit sha1_base64="B3KE+wDBCb+cBnJ8+50dPA3hNzc=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAInuKuBBVPwRwUvEQwD0iWMDuZJENmZ5eZWSUuwV/x4kERr/6HN//GSbIHTSxoKKq66e7yI86UdpxvK7OwuLS8kl3Nra1vbG7Z2zs1FcaS0CoJeSgbPlaUM0GrmmlOG5GkOPA5rfuD8tiv31OpWCju9DCiXoB7gnUZwdpIbXuvfIEaqCVZr6+xlOEDujq+adt5p+BMgOaJm5I8pKi07a9WJyRxQIUmHCvVdJ1IewmWmhFOR7lWrGiEyQD3aNNQgQOqvGRy/QgdGqWDuqE0JTSaqL8nEhwoNQx80xlg3Vez3lj8z2vGunvuJUxEsaaCTBd1Y450iMZRoA6TlGg+NAQTycytiPSxxESbwHImBHf25XlSOym4p4XibTFfukzjyMI+HMARuHAGJbiGClSBwCM8wyu8WU/Wi/VufUxbM1Y6swt/YH3+AKpalBc=</latexit>

C : X ! G/K <latexit sha1_base64="PZkdVjxFRt/P1YIpXd9Kis+LtTk=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIFaTOSFGXxW4ENy3YC7SlZNJMG5pJhuSMWIY+hhtfxY0LRdx259uYXhZa/SHw8Z9zODm/HwluwHW/nNTK6tr6Rnozs7W9s7uX3T+oGxVrympUCaWbPjFMcMlqwEGwZqQZCX3BGv6wPK03Hpg2XMl7GEWsE5K+5AGnBKzVzZ7ftYE9QoKVhoHqK0kE7msVR1gFeFzNt2lPwVm5687gFHezObfgzoT/greAHFqo0s1O2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlUZKQmU4yO2yMT6zTw4HS9knAM/fnREJCY0ahbztDAgOzXJua/9VaMQTXnYTLKAYm6XxREAsMCk9Twj2uGQUxskCo5vavmA6IJhRslhkbgrd88l+oXxS8y0KxWsyVbhZxpNEROkZ55KErVEK3qIJqiKIn9ILe0Lvz7Lw6H87nvDXlLGYO0S85k2+eep95</latexit>

K orthogonal group of Q(·, C0·)

<latexit sha1_base64="VNhCZft+CVHkCgLAVJC5WuVOtVM=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGVGirosutBlC/YBbSmZNNOGZpIhuSOWoT/hxl9x40IRt4I7/8b0sdDWA/dyOOdeknv8SHADrvvtpFZW19Y30puZre2d3b3s/kHdqFhTVqNKKN30iWGCS1YDDoI1I81I6AvW8IfXE79xz7ThSt7BKGKdkPQlDzglYKVutnDTBvYACVYaBqqvJBG4r1UcYRXgcTXfpj0FhWk/xd1szi26U+Bl4s1JDs1R6Wa/2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlqSQhM51ketUYn1ilhwOlbUnAU/X3RkJCY0ahbydDAgOz6E3E/7xWDMFlJ+EyioFJOnsoiAUGhScR4R7XjIIYWUKo5vavmA6IJhRskBkbgrd48jKpnxW982KpWsqVr+ZxpNEROkZ55KELVEa3qIJqiKJH9Ixe0Zvz5Lw4787HbDTlzHcO0R84nz+5Op6F</latexit>

G orthogonal group of Q(·, ·)

Proof:  uses crucially nilpotent orbit theorem.

‣ Weil operator period map       is definable in                 .
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

<latexit sha1_base64="5woa2AhwFXqrkL5bju3TM2iWDCI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwhs/YzJJDZVkuShMOTIxyh9HY6YoMXxmCSaK2VsRibDCxNh4KjYEb/XlddK9qnvNeuOhUWvdFnGU4QzO4RI8uIYW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPlp44o</latexit>

�

‣ Weil operator       is definable in                 . 
<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

Theorems:

<latexit sha1_base64="KP2futoYy4pA7/BDPhxPrnEnE0M=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQp2RouKq6KKCmwr2AZ2h3EnTTmgyMyQZpZR+hBt/xY0LRdy6cOffmLaz0NYDgcM595F7/JgzpW3728osLC4tr2RXc2vrG5tb+e2duooSSWiNRDySTR8U5SykNc00p81YUhA+pw2/fzX2G/dUKhaFd3oQU09AL2RdRkAbqZ0/cqsBu8BN7ErWCzRIGT1gtwJCAHZ9IH3FQQW4go/xTTtfsIv2BHieOCkpoBTVdv7L7UQkETTUxIxRLceOtTcEqRnhdJRzE0VjswN6tGVoCIIqbzg5aoQPjNLB3UiaF2o8UX93DEEoNRC+qRSgAzXrjcX/vFaiu+fekIVxomlIpou6Ccc6wuOEcIdJSjQfGAJEMvNXTAKQQLTJMWdCcGZPnif1k6JzWizdlgrlyzSOLNpD++gQOegMldE1qqIaIugRPaNX9GY9WS/Wu/UxLc1Yac8u+gPr8wclr5z+</latexit>

� : X ! �\G/K
<latexit sha1_base64="wl3Vp5VTyQ/XaqaZb1I0Ti3W1NU="></latexit>

� orthogonal group of Q(·, ·)|HZ
(bigger than monodromy group)
Proof:  uses sl(2) orbit theorem.



  Tameness of periods

➡ Tameness of period map was shown in [Bakker,Klingler,Tsimerman ‘18] 

<latexit sha1_base64="B3KE+wDBCb+cBnJ8+50dPA3hNzc=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAInuKuBBVPwRwUvEQwD0iWMDuZJENmZ5eZWSUuwV/x4kERr/6HN//GSbIHTSxoKKq66e7yI86UdpxvK7OwuLS8kl3Nra1vbG7Z2zs1FcaS0CoJeSgbPlaUM0GrmmlOG5GkOPA5rfuD8tiv31OpWCju9DCiXoB7gnUZwdpIbXuvfIEaqCVZr6+xlOEDujq+adt5p+BMgOaJm5I8pKi07a9WJyRxQIUmHCvVdJ1IewmWmhFOR7lWrGiEyQD3aNNQgQOqvGRy/QgdGqWDuqE0JTSaqL8nEhwoNQx80xlg3Vez3lj8z2vGunvuJUxEsaaCTBd1Y450iMZRoA6TlGg+NAQTycytiPSxxESbwHImBHf25XlSOym4p4XibTFfukzjyMI+HMARuHAGJbiGClSBwCM8wyu8WU/Wi/VufUxbM1Y6swt/YH3+AKpalBc=</latexit>

C : X ! G/K <latexit sha1_base64="PZkdVjxFRt/P1YIpXd9Kis+LtTk=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIFaTOSFGXxW4ENy3YC7SlZNJMG5pJhuSMWIY+hhtfxY0LRdx259uYXhZa/SHw8Z9zODm/HwluwHW/nNTK6tr6Rnozs7W9s7uX3T+oGxVrympUCaWbPjFMcMlqwEGwZqQZCX3BGv6wPK03Hpg2XMl7GEWsE5K+5AGnBKzVzZ7ftYE9QoKVhoHqK0kE7msVR1gFeFzNt2lPwVm5687gFHezObfgzoT/greAHFqo0s1O2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlUZKQmU4yO2yMT6zTw4HS9knAM/fnREJCY0ahbztDAgOzXJua/9VaMQTXnYTLKAYm6XxREAsMCk9Twj2uGQUxskCo5vavmA6IJhRslhkbgrd88l+oXxS8y0KxWsyVbhZxpNEROkZ55KErVEK3qIJqiKIn9ILe0Lvz7Lw6H87nvDXlLGYO0S85k2+eep95</latexit>

K orthogonal group of Q(·, C0·)

<latexit sha1_base64="VNhCZft+CVHkCgLAVJC5WuVOtVM=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGVGirosutBlC/YBbSmZNNOGZpIhuSOWoT/hxl9x40IRt4I7/8b0sdDWA/dyOOdeknv8SHADrvvtpFZW19Y30puZre2d3b3s/kHdqFhTVqNKKN30iWGCS1YDDoI1I81I6AvW8IfXE79xz7ThSt7BKGKdkPQlDzglYKVutnDTBvYACVYaBqqvJBG4r1UcYRXgcTXfpj0FhWk/xd1szi26U+Bl4s1JDs1R6Wa/2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlqSQhM51ketUYn1ilhwOlbUnAU/X3RkJCY0ahbydDAgOz6E3E/7xWDMFlJ+EyioFJOnsoiAUGhScR4R7XjIIYWUKo5vavmA6IJhRskBkbgrd48jKpnxW982KpWsqVr+ZxpNEROkZ55KELVEa3qIJqiKJH9Ixe0Zvz5Lw4787HbDTlzHcO0R84nz+5Op6F</latexit>

G orthogonal group of Q(·, ·)

Proof:  uses crucially nilpotent orbit theorem.

‣ Weil operator period map       is definable in                 .
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‣ Period map is definable in                 .
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

‣ Weil operator       is definable in                 . 
<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>
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<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

Theorems:

<latexit sha1_base64="KP2futoYy4pA7/BDPhxPrnEnE0M=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQp2RouKq6KKCmwr2AZ2h3EnTTmgyMyQZpZR+hBt/xY0LRdy6cOffmLaz0NYDgcM595F7/JgzpW3728osLC4tr2RXc2vrG5tb+e2duooSSWiNRDySTR8U5SykNc00p81YUhA+pw2/fzX2G/dUKhaFd3oQU09AL2RdRkAbqZ0/cqsBu8BN7ErWCzRIGT1gtwJCAHZ9IH3FQQW4go/xTTtfsIv2BHieOCkpoBTVdv7L7UQkETTUxIxRLceOtTcEqRnhdJRzE0VjswN6tGVoCIIqbzg5aoQPjNLB3UiaF2o8UX93DEEoNRC+qRSgAzXrjcX/vFaiu+fekIVxomlIpou6Ccc6wuOEcIdJSjQfGAJEMvNXTAKQQLTJMWdCcGZPnif1k6JzWizdlgrlyzSOLNpD++gQOegMldE1qqIaIugRPaNX9GY9WS/Wu/UxLc1Yac8u+gPr8wclr5z+</latexit>

� : X ! �\G/K
<latexit sha1_base64="wl3Vp5VTyQ/XaqaZb1I0Ti3W1NU="></latexit>

� orthogonal group of Q(·, ·)|HZ
(bigger than monodromy group)
Proof:  uses sl(2) orbit theorem.



  Reminder of a famous theorem

Theorem [Cattani,Deligne,Kaplan ’95]:   For integer           , locus of integral  
Hodge classes  
 
 
 
is algebraic, and the restriction of      to this set is proper with finite fibers.
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(x, v) 2 E : v 2 (Hd,d

\HZ)x and Q(v, v) = `
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➡ follows from the Hodge conjecture for Hodge structures associated  
to families of projective Kähler manifolds 
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➡ covers finiteness of the special case:   
<latexit sha1_base64="qzjQjorHT7YLVeHOw+oqldA7BHI="></latexit>
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➡ covers finiteness of the special case:   
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➡ original proof uses Hodge theory:  nilpotent orbit theorem [Schmid] 
                                                              Sl(2) orbit theorem  [Cattani,Kaplan,Schmid] 
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⇒ works well for one-parameter limits   [Schnell] [TG] ’20, 
      but too involved for multi-parameter limits

- use asymptotic Hodge theory? sl(2)-orbit theorems?
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[e.g. Kneser]  
- tameness of maps between bundles 

- tameness of self-dual locus in a single orbit

- lattice reduction:
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is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.
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<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="Vu+iidxjstCIa4pvwUfUEdoKjo0="></latexit>Ran,exp

<latexit sha1_base64="mGL5j1T7Won5v67KCJIEWsw4H40="></latexit>

S` =
n
(x, v) 2 E : v 2 HZ,x and Cxv = v and Q(v, v) = `

o



  Generalization to self-dual classes

Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
 
is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="Vu+iidxjstCIa4pvwUfUEdoKjo0="></latexit>Ran,exp

<latexit sha1_base64="mGL5j1T7Won5v67KCJIEWsw4H40="></latexit>

S` =
n
(x, v) 2 E : v 2 HZ,x and Cxv = v and Q(v, v) = `

o

Question 1:  What are the cycles associated to self-dual classes?  
                      (like in Hodge conjecture)

→ relevant in physics ‘holography’ [Lüst,Vafa,Wiesner,Xu]



  Tadpoles and a new conjecture

<latexit sha1_base64="hDYHvlHwa040NrqJLiKKR2P5Uqs=">AAAB83icbVDJSgNBEK1xjXGLevTSGIQIEmbE7SIEvXhMwCyQGUJPpyZp0rPQ3RMIIb/hxYMiXv0Zb/6NnWQOmvig4PFeFVX1/ERwpW3721pZXVvf2Mxt5bd3dvf2CweHDRWnkmGdxSKWLZ8qFDzCuuZaYCuRSENfYNMfPEz95hCl4nH0pEcJeiHtRTzgjGojuaRWGp4Pz+5cFKJTKNplewayTJyMFCFDtVP4crsxS0OMNBNUqbZjJ9obU6k5EzjJu6nChLIB7WHb0IiGqLzx7OYJOTVKlwSxNBVpMlN/T4xpqNQo9E1nSHVfLXpT8T+vnerg1hvzKEk1Rmy+KEgF0TGZBkC6XCLTYmQIZZKbWwnrU0mZNjHlTQjO4svLpHFRdq7LV7XLYuU+iyMHx3ACJXDgBirwCFWoA4MEnuEV3qzUerHerY9564qVzRzBH1ifP3KhkKw=</latexit>

Q(v, v) = `➡ Condition                               (tadpole condition) is central to tameness 

→  in physics this is arising from consistent coupling with gravity!



  Tadpoles and a new conjecture

<latexit sha1_base64="hDYHvlHwa040NrqJLiKKR2P5Uqs=">AAAB83icbVDJSgNBEK1xjXGLevTSGIQIEmbE7SIEvXhMwCyQGUJPpyZp0rPQ3RMIIb/hxYMiXv0Zb/6NnWQOmvig4PFeFVX1/ERwpW3721pZXVvf2Mxt5bd3dvf2CweHDRWnkmGdxSKWLZ8qFDzCuuZaYCuRSENfYNMfPEz95hCl4nH0pEcJeiHtRTzgjGojuaRWGp4Pz+5cFKJTKNplewayTJyMFCFDtVP4crsxS0OMNBNUqbZjJ9obU6k5EzjJu6nChLIB7WHb0IiGqLzx7OYJOTVKlwSxNBVpMlN/T4xpqNQo9E1nSHVfLXpT8T+vnerg1hvzKEk1Rmy+KEgF0TGZBkC6XCLTYmQIZZKbWwnrU0mZNjHlTQjO4svLpHFRdq7LV7XLYuU+iyMHx3ACJXDgBirwCFWoA4MEnuEV3qzUerHerY9564qVzRzBH1ifP3KhkKw=</latexit>

Q(v, v) = `➡ Condition                               (tadpole condition) is central to tameness 

→  in physics this is arising from consistent coupling with gravity!

➡ A new physics conjecture ‘Tadpole conjecture’:  see also [Hebecker’s talk]
[Bena,Blaback,Graña,Lüst]…[Becker,Walcher,Wrase]

Consider compact CY fourfold. Fix   .  For                               :
<latexit sha1_base64="44FcSwK6fnXgKmkTkBAoFjOWnrA=">AAACCnicbVDJSgNBEO2JW4xb1KOX1iDES5gRt5MEvXgRI5gFMiH0dCpJk56F7hoxDDl78Ve8eFDEq1/gzb+xsxw08UHB470qqup5kRQabfvbSs3NLywupZczK6tr6xvZza2KDmPFocxDGaqaxzRIEUAZBUqoRQqY70moer3LoV+9B6VFGNxhP4KGzzqBaAvO0EjN7K6L8IBJS/gD12fY5Uwm1wN6Tm/yzgF1QcpmNmcX7BHoLHEmJEcmKDWzX24r5LEPAXLJtK47doSNhCkUXMIg48YaIsZ7rAN1QwPmg24ko1cGdN8oLdoOlakA6Uj9PZEwX+u+75nO4bl62huK/3n1GNtnjUQEUYwQ8PGidiwphnSYC20JBRxl3xDGlTC3Ut5linE06WVMCM70y7OkclhwTgrHt0e54sUkjjTZIXskTxxySorkipRImXDySJ7JK3mznqwX6936GLemrMnMNvkD6/MHDyOZ1Q==</latexit>

dimM > O(1)`
<latexit sha1_base64="fu8Hi4nUYnQyy4zp9I1Fir3/ofk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfqtJ1SaJ/LBjFMMYjqQPOKMGiv5pItC9Ko1t+7OQJaJV5AaFGj2ql/dfsKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGfHTsiJVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xicz0XWQc5lmBiWbL4oyQUxCpp+TPlfIjBhbQpni9lbChlRRZmw+FRuCt/jyMnk8q3uX9Yv781rjpoijDEdwDKfgwRU04A6a4AMDDs/wCm+OdF6cd+dj3lpyiplD+APn8wdmkI5v</latexit>

`
<latexit sha1_base64="PDjwD4xoJt7Tw+Qv3NTFLBzwqyA="></latexit>

min
⇥
dimComp(H`)

⇤
> 0



  Tadpoles and a new conjecture

<latexit sha1_base64="hDYHvlHwa040NrqJLiKKR2P5Uqs=">AAAB83icbVDJSgNBEK1xjXGLevTSGIQIEmbE7SIEvXhMwCyQGUJPpyZp0rPQ3RMIIb/hxYMiXv0Zb/6NnWQOmvig4PFeFVX1/ERwpW3721pZXVvf2Mxt5bd3dvf2CweHDRWnkmGdxSKWLZ8qFDzCuuZaYCuRSENfYNMfPEz95hCl4nH0pEcJeiHtRTzgjGojuaRWGp4Pz+5cFKJTKNplewayTJyMFCFDtVP4crsxS0OMNBNUqbZjJ9obU6k5EzjJu6nChLIB7WHb0IiGqLzx7OYJOTVKlwSxNBVpMlN/T4xpqNQo9E1nSHVfLXpT8T+vnerg1hvzKEk1Rmy+KEgF0TGZBkC6XCLTYmQIZZKbWwnrU0mZNjHlTQjO4svLpHFRdq7LV7XLYuU+iyMHx3ACJXDgBirwCFWoA4MEnuEV3qzUerHerY9564qVzRzBH1ifP3KhkKw=</latexit>

Q(v, v) = `➡ Condition                               (tadpole condition) is central to tameness 

→  in physics this is arising from consistent coupling with gravity!

Note: General evidence for loci realized in        where period map is sl(2)-orbit. 
                                                           [Graña,TG,van de Heisteeg,Herraez,Plauschinn ‘22] 
                                                                         nilpotent orbit: [TG,Monnee] in progress

<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>

M

➡ A new physics conjecture ‘Tadpole conjecture’:  see also [Hebecker’s talk]
[Bena,Blaback,Graña,Lüst]…[Becker,Walcher,Wrase]

Consider compact CY fourfold. Fix   .  For                               :
<latexit sha1_base64="44FcSwK6fnXgKmkTkBAoFjOWnrA=">AAACCnicbVDJSgNBEO2JW4xb1KOX1iDES5gRt5MEvXgRI5gFMiH0dCpJk56F7hoxDDl78Ve8eFDEq1/gzb+xsxw08UHB470qqup5kRQabfvbSs3NLywupZczK6tr6xvZza2KDmPFocxDGaqaxzRIEUAZBUqoRQqY70moer3LoV+9B6VFGNxhP4KGzzqBaAvO0EjN7K6L8IBJS/gD12fY5Uwm1wN6Tm/yzgF1QcpmNmcX7BHoLHEmJEcmKDWzX24r5LEPAXLJtK47doSNhCkUXMIg48YaIsZ7rAN1QwPmg24ko1cGdN8oLdoOlakA6Uj9PZEwX+u+75nO4bl62huK/3n1GNtnjUQEUYwQ8PGidiwphnSYC20JBRxl3xDGlTC3Ut5linE06WVMCM70y7OkclhwTgrHt0e54sUkjjTZIXskTxxySorkipRImXDySJ7JK3mznqwX6936GLemrMnMNvkD6/MHDyOZ1Q==</latexit>

dimM > O(1)`
<latexit sha1_base64="fu8Hi4nUYnQyy4zp9I1Fir3/ofk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfqtJ1SaJ/LBjFMMYjqQPOKMGiv5pItC9Ko1t+7OQJaJV5AaFGj2ql/dfsKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGfHTsiJVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xicz0XWQc5lmBiWbL4oyQUxCpp+TPlfIjBhbQpni9lbChlRRZmw+FRuCt/jyMnk8q3uX9Yv781rjpoijDEdwDKfgwRU04A6a4AMDDs/wCm+OdF6cd+dj3lpyiplD+APn8wdmkI5v</latexit>

`
<latexit sha1_base64="PDjwD4xoJt7Tw+Qv3NTFLBzwqyA="></latexit>

min
⇥
dimComp(H`)

⇤
> 0



  Tadpoles and a new conjecture

<latexit sha1_base64="hDYHvlHwa040NrqJLiKKR2P5Uqs=">AAAB83icbVDJSgNBEK1xjXGLevTSGIQIEmbE7SIEvXhMwCyQGUJPpyZp0rPQ3RMIIb/hxYMiXv0Zb/6NnWQOmvig4PFeFVX1/ERwpW3721pZXVvf2Mxt5bd3dvf2CweHDRWnkmGdxSKWLZ8qFDzCuuZaYCuRSENfYNMfPEz95hCl4nH0pEcJeiHtRTzgjGojuaRWGp4Pz+5cFKJTKNplewayTJyMFCFDtVP4crsxS0OMNBNUqbZjJ9obU6k5EzjJu6nChLIB7WHb0IiGqLzx7OYJOTVKlwSxNBVpMlN/T4xpqNQo9E1nSHVfLXpT8T+vnerg1hvzKEk1Rmy+KEgF0TGZBkC6XCLTYmQIZZKbWwnrU0mZNjHlTQjO4svLpHFRdq7LV7XLYuU+iyMHx3ACJXDgBirwCFWoA4MEnuEV3qzUerHerY9564qVzRzBH1ifP3KhkKw=</latexit>

Q(v, v) = `➡ Condition                               (tadpole condition) is central to tameness 

→  in physics this is arising from consistent coupling with gravity!

Question 2:  Can one prove such a conjecture for         or        ? 
<latexit sha1_base64="O+swHlNJo4e0WqVTdr+W5LPKxTo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia1l002UFawtNCJPppB06mYSZSaGE/okbF4q49U/c+TdO2iy09cDA4Zx7uWdOmHKmtON8W5W19Y3Nrep2bWd3b//APjx6UkkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ0244vi/87oRKxRLxqKcp9WM8FCxiBGsjBbbtxViPCOZ5axZ4lPPArjsNZw60StyS1KFEO7C/vEFCspgKTThWqu86qfZzLDUjnM5qXqZoiskYD2nfUIFjqvx8nnyGzowyQFEizRMazdXfGzmOlZrGoZkscqplrxD/8/qZjm79nIk001SQxaEo40gnqKgBDZikRPOpIZhIZrIiMsISE23KqpkS3OUvr5Kni4Z73bh6uKw378o6qnACp3AOLtxAE1rQhg4QmMAzvMKblVsv1rv1sRitWOXOMfyB9fkDxSGTww==</latexit>

H`
<latexit sha1_base64="k8EJO/3P0R9cviy2Y1MR/oNs+Bg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia1l047KifUATwmQ6aYdOJmFmUiihf+LGhSJu/RN3/o2TNgutHhg4nHMv98wJU86Udpwvq7Kyura+Ud2sbW3v7O7Z+wcdlWSS0DZJeCJ7IVaUM0HbmmlOe6mkOA457Ybj28LvTqhULBGPeppSP8ZDwSJGsDZSYNtejPWIYJ4/zAKPch7YdafhzIH+ErckdSjRCuxPb5CQLKZCE46V6rtOqv0cS80Ip7OalymaYjLGQ9o3VOCYKj+fJ5+hE6MMUJRI84RGc/XnRo5jpaZxaCaLnGrZK8T/vH6mo2s/ZyLNNBVkcSjKONIJKmpAAyYp0XxqCCaSmayIjLDERJuyaqYEd/nLf0nnrOFeNi7uz+vNm7KOKhzBMZyCC1fQhDtoQRsITOAJXuDVyq1n6816X4xWrHLnEH7B+vgG1g+Tzg==</latexit>

S`

➡ A new physics conjecture ‘Tadpole conjecture’:  see also [Hebecker’s talk]
[Bena,Blaback,Graña,Lüst]…[Becker,Walcher,Wrase]

Consider compact CY fourfold. Fix   .  For                               :
<latexit sha1_base64="44FcSwK6fnXgKmkTkBAoFjOWnrA=">AAACCnicbVDJSgNBEO2JW4xb1KOX1iDES5gRt5MEvXgRI5gFMiH0dCpJk56F7hoxDDl78Ve8eFDEq1/gzb+xsxw08UHB470qqup5kRQabfvbSs3NLywupZczK6tr6xvZza2KDmPFocxDGaqaxzRIEUAZBUqoRQqY70moer3LoV+9B6VFGNxhP4KGzzqBaAvO0EjN7K6L8IBJS/gD12fY5Uwm1wN6Tm/yzgF1QcpmNmcX7BHoLHEmJEcmKDWzX24r5LEPAXLJtK47doSNhCkUXMIg48YaIsZ7rAN1QwPmg24ko1cGdN8oLdoOlakA6Uj9PZEwX+u+75nO4bl62huK/3n1GNtnjUQEUYwQ8PGidiwphnSYC20JBRxl3xDGlTC3Ut5linE06WVMCM70y7OkclhwTgrHt0e54sUkjjTZIXskTxxySorkipRImXDySJ7JK3mznqwX6936GLemrMnMNvkD6/MHDyOZ1Q==</latexit>

dimM > O(1)`
<latexit sha1_base64="fu8Hi4nUYnQyy4zp9I1Fir3/ofk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6nfqtJ1SaJ/LBjFMMYjqQPOKMGiv5pItC9Ko1t+7OQJaJV5AaFGj2ql/dfsKyGKVhgmrd8dzUBDlVhjOBk0o305hSNqID7FgqaYw6yGfHTsiJVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xicz0XWQc5lmBiWbL4oyQUxCpp+TPlfIjBhbQpni9lbChlRRZmw+FRuCt/jyMnk8q3uX9Yv781rjpoijDEdwDKfgwRU04A6a4AMDDs/wCm+OdF6cd+dj3lpyiplD+APn8wdmkI5v</latexit>

`
<latexit sha1_base64="PDjwD4xoJt7Tw+Qv3NTFLBzwqyA="></latexit>

min
⇥
dimComp(H`)

⇤
> 0
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➡ Scattering amplitudes

external 
particles

<latexit sha1_base64="LwHdCHz/09CAB9Wt0N7+Vqyi8pY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiTia1l147KCfUAbwmQ6aYdOJmFmUiihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTJJwp7Tjf1srq2vrGZmmrvL2zu7dvHxy2VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2M7nO/PaZSsVg86UlCvQgPBAsZwdpIvm33IqyHBPPsdlpNfHbm2xWn5syAlolbkAoUaPj2V68fkzSiQhOOleq6TqK9DEvNCKfTci9VNMFkhAe0a6jAEVVeNks+RadG6aMwluYJjWbq740MR0pNosBM5jnVopeL/3ndVIc3XsZEkmoqyPxQmHKkY5TXgPpMUqL5xBBMJDNZERliiYk2ZZVNCe7il5dJ67zmXtUuHy8q9buijhIcwwlUwYVrqMMDNKAJBMbwDK/wZmXWi/VufcxHV6xi5wj+wPr8ARFwk00=</latexit>

A(pi)
How likely is the process?

<latexit sha1_base64="tlM7l+3Olzx0HTBSV4fgWliwxcE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECwI2i</latexit>p1

<latexit sha1_base64="G5j5u3yH3aE7qDdfJgrUEB5+kQY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEERI2j</latexit>p2

<latexit sha1_base64="OosA13sAO5ZPFHSNlMCZU3iaK/Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvtlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMFyI2k</latexit>p3

<latexit sha1_base64="6bkZ6cp3jOw8DmY3G7o/9NZvIfM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcHTI2l</latexit>p4
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➡ Scattering amplitudes

external 
particles

<latexit sha1_base64="LwHdCHz/09CAB9Wt0N7+Vqyi8pY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiTia1l147KCfUAbwmQ6aYdOJmFmUiihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTJJwp7Tjf1srq2vrGZmmrvL2zu7dvHxy2VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2M7nO/PaZSsVg86UlCvQgPBAsZwdpIvm33IqyHBPPsdlpNfHbm2xWn5syAlolbkAoUaPj2V68fkzSiQhOOleq6TqK9DEvNCKfTci9VNMFkhAe0a6jAEVVeNks+RadG6aMwluYJjWbq740MR0pNosBM5jnVopeL/3ndVIc3XsZEkmoqyPxQmHKkY5TXgPpMUqL5xBBMJDNZERliiYk2ZZVNCe7il5dJ67zmXtUuHy8q9buijhIcwwlUwYVrqMMDNKAJBMbwDK/wZmXWi/VufcxHV6xi5wj+wPr8ARFwk00=</latexit>

A(pi)
How likely is the process?

<latexit sha1_base64="tlM7l+3Olzx0HTBSV4fgWliwxcE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECwI2i</latexit>p1

<latexit sha1_base64="G5j5u3yH3aE7qDdfJgrUEB5+kQY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEERI2j</latexit>p2

<latexit sha1_base64="OosA13sAO5ZPFHSNlMCZU3iaK/Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvtlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMFyI2k</latexit>p3

<latexit sha1_base64="6bkZ6cp3jOw8DmY3G7o/9NZvIfM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcHTI2l</latexit>p4

➡ Physics: defined using path integrals - “sum over all possible processes”
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➡ Scattering amplitudes

external 
particles

<latexit sha1_base64="LwHdCHz/09CAB9Wt0N7+Vqyi8pY=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiTia1l147KCfUAbwmQ6aYdOJmFmUiihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTJJwp7Tjf1srq2vrGZmmrvL2zu7dvHxy2VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2M7nO/PaZSsVg86UlCvQgPBAsZwdpIvm33IqyHBPPsdlpNfHbm2xWn5syAlolbkAoUaPj2V68fkzSiQhOOleq6TqK9DEvNCKfTci9VNMFkhAe0a6jAEVVeNks+RadG6aMwluYJjWbq740MR0pNosBM5jnVopeL/3ndVIc3XsZEkmoqyPxQmHKkY5TXgPpMUqL5xBBMJDNZERliiYk2ZZVNCe7il5dJ67zmXtUuHy8q9buijhIcwwlUwYVrqMMDNKAJBMbwDK/wZmXWi/VufcxHV6xi5wj+wPr8ARFwk00=</latexit>

A(pi)
How likely is the process?

<latexit sha1_base64="tlM7l+3Olzx0HTBSV4fgWliwxcE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9LzeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AECwI2i</latexit>p1

<latexit sha1_base64="G5j5u3yH3aE7qDdfJgrUEB5+kQY=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14l1WLu7Py7WbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEERI2j</latexit>p2

<latexit sha1_base64="OosA13sAO5ZPFHSNlMCZU3iaK/Q=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxoHpAsYXbSmwyZnV1mZoWw5BO8eFDEq1/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdJ90jvtlStu1Z2B/CVeTiqQo94rf3b7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506IUdW6ZMwVrakITP150RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4st/SfOk6l1Uz+/OKrXrPI4iHMAhHIMHl1CDW6hDAxgM4Ale4NURzrPz5rzPWwtOPrMPv+B8fAMFyI2k</latexit>p3

<latexit sha1_base64="6bkZ6cp3jOw8DmY3G7o/9NZvIfM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6SHrnvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb68TJpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wcHTI2l</latexit>p4

➡ Physics: defined using path integrals - “sum over all possible processes”

small coupling expansion

+

<latexit sha1_base64="I0GB7lfl6Nc01urF3+sq/D6MFGQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPqAzlEwm04ZmkjHJFMrQ73DjQhG3fow7/8a0nYW2HggczjmXe3PClDNtXPfbWVldW9/YLG2Vt3d29/YrB4ctLTNFaJNILlUnxJpyJmjTMMNpJ1UUJyGn7XB4N/XbI6o0k+LRjFMaJLgvWMwINlYKfG6jEUY+58jrVapuzZ0BLROvIFUo0OhVvvxIkiyhwhCOte56bmqCHCvDCKeTsp9pmmIyxH3atVTghOognx09QadWiVAslX3CoJn6eyLHidbjJLTJBJuBXvSm4n9eNzPxTZAzkWaGCjJfFGccGYmmDaCIKUoMH1uCiWL2VkQGWGFibE9lW4K3+OVl0jqveVe1y4eLav22qKMEx3ACZ+DBNdThHhrQBAJP8Ayv8OaMnBfn3fmYR1ecYuYI/sD5/AGwvpFo</latexit>

� ⌧ 1

+ +

→ summing till fixed loop number: finite number of Feynman integrals 

➡ Perturbative expansion:
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➡ Theorem*:    For any renormalizable QFT with finitely many particles and 
interactions all finite-loop amplitudes are tame functions of the masses,  
external momenta, and coupling constants.                    [Douglas,TG,Schlechter ’22]

*physics style
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➡ Theorem*:    For any renormalizable QFT with finitely many particles and 
interactions all finite-loop amplitudes are tame functions of the masses,  
external momenta, and coupling constants.                    [Douglas,TG,Schlechter ’22]

<latexit sha1_base64="5VwnjFHh6Olo0x7inlKQQkWthk0=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7Lv98sVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwD9zY2e</latexit>m1

<latexit sha1_base64="dbD0R8vOR85ULvP4a/BRYCg4TCQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh6LXjxWtLXQLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGLdCYlhgivWstwK1kk0IzIU7DEc38z8xyemDY/Vg50kLJBkqHjEKbFOupf9Wr9c8areHHiV+DmpQI5mv/zVG8Q0lUxZKogxXd9LbJARbTkVbFrqpYYlhI7JkHUdVUQyE2TzU6f4zCkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG10FGVdJapmii0VRKrCN8exvPOCaUSsmjhCqubsV0xHRhFqXTsmF4C+/vEratap/Ua3f1SuN6zyOIpzAKZyDD5fQgFtoQgsoDOEZXuENCfSC3tHHorWA8plj+AP0+QP/UY2f</latexit>m2

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�
<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�

tame in all parameters<latexit sha1_base64="SYDM+v0CI44ECulX2//ydAwdMrY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNbio1u5qlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEA5I2g</latexit>m3

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p <latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
<latexit sha1_base64="VQPF/GiCHdq3WqORYlPJToeLbmo=">AAACEHicbVDLSgMxFM34rPVVdekmWMQKQ5mpz2XVjcsK9gGdYchk0jY0yQxJRihDP8GNv+LGhSJuXbrzb0wfC209EDicc+/NvSdMGFXacb6thcWl5ZXV3Fp+fWNza7uws9tQcSoxqeOYxbIVIkUYFaSuqWaklUiCeMhIM+zfjPzmA5GKxuJeDxLic9QVtEMx0kYKCkceR7qHEcuuhkEFlnjg2pAHFZsHJ7bHzKAI2TA5DgpFp+yMAeeJOyVFMEUtKHx5UYxTToTGDCnVdp1E+xmSmmJGhnkvVSRBuI+6pG2oQJwoPxsfNISHRolgJ5bmCQ3H6u+ODHGlBjw0laP11aw3Ev/z2qnuXPoZFUmqicCTjzopgzqGo3RgRCXBmg0MQVhSsyvEPSQR1ibDvAnBnT15njQqZfe8fHZ3WqxeT+PIgX1wAErABRegCm5BDdQBBo/gGbyCN+vJerHerY9J6YI17dkDf2B9/gAoNZrD</latexit>

A2(m1,m2,m3,�, p)
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➡ Theorem*:    For any renormalizable QFT with finitely many particles and 
interactions all finite-loop amplitudes are tame functions of the masses,  
external momenta, and coupling constants.                    [Douglas,TG,Schlechter ’22]

<latexit sha1_base64="5VwnjFHh6Olo0x7inlKQQkWthk0=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7Lv98sVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwD9zY2e</latexit>m1

<latexit sha1_base64="dbD0R8vOR85ULvP4a/BRYCg4TCQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh6LXjxWtLXQLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGLdCYlhgivWstwK1kk0IzIU7DEc38z8xyemDY/Vg50kLJBkqHjEKbFOupf9Wr9c8areHHiV+DmpQI5mv/zVG8Q0lUxZKogxXd9LbJARbTkVbFrqpYYlhI7JkHUdVUQyE2TzU6f4zCkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG10FGVdJapmii0VRKrCN8exvPOCaUSsmjhCqubsV0xHRhFqXTsmF4C+/vEratap/Ua3f1SuN6zyOIpzAKZyDD5fQgFtoQgsoDOEZXuENCfSC3tHHorWA8plj+AP0+QP/UY2f</latexit>m2

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�
<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�

tame in all parameters<latexit sha1_base64="SYDM+v0CI44ECulX2//ydAwdMrY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNbio1u5qlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEA5I2g</latexit>m3

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p <latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
<latexit sha1_base64="VQPF/GiCHdq3WqORYlPJToeLbmo=">AAACEHicbVDLSgMxFM34rPVVdekmWMQKQ5mpz2XVjcsK9gGdYchk0jY0yQxJRihDP8GNv+LGhSJuXbrzb0wfC209EDicc+/NvSdMGFXacb6thcWl5ZXV3Fp+fWNza7uws9tQcSoxqeOYxbIVIkUYFaSuqWaklUiCeMhIM+zfjPzmA5GKxuJeDxLic9QVtEMx0kYKCkceR7qHEcuuhkEFlnjg2pAHFZsHJ7bHzKAI2TA5DgpFp+yMAeeJOyVFMEUtKHx5UYxTToTGDCnVdp1E+xmSmmJGhnkvVSRBuI+6pG2oQJwoPxsfNISHRolgJ5bmCQ3H6u+ODHGlBjw0laP11aw3Ev/z2qnuXPoZFUmqicCTjzopgzqGo3RgRCXBmg0MQVhSsyvEPSQR1ibDvAnBnT15njQqZfe8fHZ3WqxeT+PIgX1wAErABRegCm5BDdQBBo/gGbyCN+vJerHerY9J6YI17dkDf2B9/gAoNZrD</latexit>

A2(m1,m2,m3,�, p)

hidden finiteness property in all QFT amplitudes
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➡ Theorem*:    For any renormalizable QFT with finitely many particles and 
interactions all finite-loop amplitudes are tame functions of the masses,  
external momenta, and coupling constants.                    [Douglas,TG,Schlechter ’22]

<latexit sha1_base64="5VwnjFHh6Olo0x7inlKQQkWthk0=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7Lv98sVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwD9zY2e</latexit>m1

<latexit sha1_base64="dbD0R8vOR85ULvP4a/BRYCg4TCQ=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh6LXjxWtLXQLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGLdCYlhgivWstwK1kk0IzIU7DEc38z8xyemDY/Vg50kLJBkqHjEKbFOupf9Wr9c8areHHiV+DmpQI5mv/zVG8Q0lUxZKogxXd9LbJARbTkVbFrqpYYlhI7JkHUdVUQyE2TzU6f4zCkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG10FGVdJapmii0VRKrCN8exvPOCaUSsmjhCqubsV0xHRhFqXTsmF4C+/vEratap/Ua3f1SuN6zyOIpzAKZyDD5fQgFtoQgsoDOEZXuENCfSC3tHHorWA8plj+AP0+QP/UY2f</latexit>m2

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�
<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�

tame in all parameters<latexit sha1_base64="SYDM+v0CI44ECulX2//ydAwdMrY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqUI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDRgsaiqpuuruihDNjff/LK6ysrq1vFDdLW9s7u3vl/YOWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzPz2I9WGKflgJwkNBR5KFjOCrZPuRf+8X674VX8O9JcEOalAjka//NkbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TilAGKlXYlLZqrPycyLIyZiMh1CmxHZtmbif953dTGV2HGZJJaKsliUZxyZBWa/Y0GTFNi+cQRTDRztyIywhoT69IpuRCC5Zf/ktZZNbio1u5qlfp1HkcRjuAYTiGAS6jDLTSgCQSG8AQv8Opx79l7894XrQUvnzmEX/A+vgEA5I2g</latexit>m3

<latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p <latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
<latexit sha1_base64="VQPF/GiCHdq3WqORYlPJToeLbmo=">AAACEHicbVDLSgMxFM34rPVVdekmWMQKQ5mpz2XVjcsK9gGdYchk0jY0yQxJRihDP8GNv+LGhSJuXbrzb0wfC209EDicc+/NvSdMGFXacb6thcWl5ZXV3Fp+fWNza7uws9tQcSoxqeOYxbIVIkUYFaSuqWaklUiCeMhIM+zfjPzmA5GKxuJeDxLic9QVtEMx0kYKCkceR7qHEcuuhkEFlnjg2pAHFZsHJ7bHzKAI2TA5DgpFp+yMAeeJOyVFMEUtKHx5UYxTToTGDCnVdp1E+xmSmmJGhnkvVSRBuI+6pG2oQJwoPxsfNISHRolgJ5bmCQ3H6u+ODHGlBjw0laP11aw3Ev/z2qnuXPoZFUmqicCTjzopgzqGo3RgRCXBmg0MQVhSsyvEPSQR1ibDvAnBnT15njQqZfe8fHZ3WqxeT+PIgX1wAErABRegCm5BDdQBBo/gGbyCN+vJerHerY9J6YI17dkDf2B9/gAoNZrD</latexit>

A2(m1,m2,m3,�, p)

hidden finiteness property in all QFT amplitudes

Remarks:  - theorem is non-trivial: interesting implications for 
                     Feynman amplitudes (symmetry ⟷ relations)        [in progress]
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➡ amplitudes are composed of finitely many Feynman integrals 

➡ Basic idea:  Feynman integrals are tame by relating them to period 
                    integrals of some auxiliary compact geometry  

<latexit sha1_base64="LrILQfKxBACIgglFb/PaSeOlQQk=">AAAB9HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+kXUo2zbahSXZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CoqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4up35rTFVmsXywUwSGgg8kCxiBBsrBY+9rKsEGiicDKc9t+xVvDnQKvFzUoYc9Z771e3HJBVUGsKx1h3fS0yQYWUY4XRa6qaaJpiM8IB2LJVYUB1k86On6MwqfRTFypY0aK7+nsiw0HoiQtspsBnqZW8m/ud1UhNdBxmTSWqoJItFUcqRidEsAdRnihLDJ5Zgopi9FZEhVpgYm1PJhuAvv7xKmhcV/7JSva+Wazd5HEU4gVM4Bx+uoAZ3UIcGEHiCZ3iFN2fsvDjvzseiteDkM8fwB87nD8zCkiI=</latexit>

Ygraph
review book by [Weinzierl] + many works [Bloch,Kerr,Vanhove] [Klemm etal.]…
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➡ amplitudes are composed of finitely many Feynman integrals 

➡ Basic idea:  Feynman integrals are tame by relating them to period 
                    integrals of some auxiliary compact geometry  

<latexit sha1_base64="LrILQfKxBACIgglFb/PaSeOlQQk=">AAAB9HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+kXUo2zbahSXZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CoqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4up35rTFVmsXywUwSGgg8kCxiBBsrBY+9rKsEGiicDKc9t+xVvDnQKvFzUoYc9Z771e3HJBVUGsKx1h3fS0yQYWUY4XRa6qaaJpiM8IB2LJVYUB1k86On6MwqfRTFypY0aK7+nsiw0HoiQtspsBnqZW8m/ud1UhNdBxmTSWqoJItFUcqRidEsAdRnihLDJ5Zgopi9FZEhVpgYm1PJhuAvv7xKmhcV/7JSva+Wazd5HEU4gVM4Bx+uoAZ3UIcGEHiCZ3iFN2fsvDjvzseiteDkM8fwB87nD8zCkiI=</latexit>

Ygraph
review book by [Weinzierl] + many works [Bloch,Kerr,Vanhove] [Klemm etal.]…

➡ Use:  all steps only involve tame maps,  
          period integrals are tame maps in o-minimal structure   

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

[Bakker,Klingler,Tsimerman ’18] [Bakker,Mullane ’22] related [Comte,Lion,Rolin]



  Why is this true?

10

➡ amplitudes are composed of finitely many Feynman integrals 

➡ Basic idea:  Feynman integrals are tame by relating them to period 
                    integrals of some auxiliary compact geometry  

<latexit sha1_base64="LrILQfKxBACIgglFb/PaSeOlQQk=">AAAB9HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvXisYD+kXUo2zbahSXZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CoqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4up35rTFVmsXywUwSGgg8kCxiBBsrBY+9rKsEGiicDKc9t+xVvDnQKvFzUoYc9Z771e3HJBVUGsKx1h3fS0yQYWUY4XRa6qaaJpiM8IB2LJVYUB1k86On6MwqfRTFypY0aK7+nsiw0HoiQtspsBnqZW8m/ud1UhNdBxmTSWqoJItFUcqRidEsAdRnihLDJ5Zgopi9FZEhVpgYm1PJhuAvv7xKmhcV/7JSva+Wazd5HEU4gVM4Bx+uoAZ3UIcGEHiCZ3iFN2fsvDjvzseiteDkM8fwB87nD8zCkiI=</latexit>

Ygraph
review book by [Weinzierl] + many works [Bloch,Kerr,Vanhove] [Klemm etal.]…

➡ Use:  all steps only involve tame maps,  
          period integrals are tame maps in o-minimal structure   

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

[Bakker,Klingler,Tsimerman ’18] [Bakker,Mullane ’22] related [Comte,Lion,Rolin]

Tameness of (relative) periods

Tameness of Feynman integrals



Tameness in non-perturbative 
Quantum Field Theories



  Observables in QFT

➡ interested in physical observables in local QFTs



  Observables in QFT

➡ interested in physical observables in local QFTs

particle described by the field 
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
→ dynamics encoded by Lagrangian, e.g.

<latexit sha1_base64="1DObmSpfMrQlxShQrZ3q2S45tS4="></latexit>

L = 1
2 (@�)

2 � 1
2m

2�2 � 1
4!��

4



  Observables in QFT

➡ interested in physical observables in local QFTs

particle described by the field 
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
→ dynamics encoded by Lagrangian, e.g.

<latexit sha1_base64="1DObmSpfMrQlxShQrZ3q2S45tS4="></latexit>

L = 1
2 (@�)

2 � 1
2m

2�2 � 1
4!��

4

parameters of the model



  Observables in QFT

➡ interested in physical observables in local QFTs

particle described by the field 
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
→ dynamics encoded by Lagrangian, e.g.

<latexit sha1_base64="1DObmSpfMrQlxShQrZ3q2S45tS4="></latexit>

L = 1
2 (@�)

2 � 1
2m

2�2 � 1
4!��

4

➡ compute correlation functions:                                           (up to normalization)
<latexit sha1_base64="6JLikPBsuOvGVL6cG48ljTsmFbA="></latexit>

hO1(y1)...Ok(yk)i�,m =

Z
D�O1(y1)...Ok(yk) e

�
R
⌃ ddyL(�,m)

parameters of the model



  Observables in QFT

➡ interested in physical observables in local QFTs

particle described by the field 
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
→ dynamics encoded by Lagrangian, e.g.

<latexit sha1_base64="1DObmSpfMrQlxShQrZ3q2S45tS4="></latexit>

L = 1
2 (@�)

2 � 1
2m

2�2 � 1
4!��

4

local operator at some  
space-time point 
(e.g. polynomial in    )

<latexit sha1_base64="xyAVBROpWy2oDy1bIJyjFJUkPeA=">AAAB9XicbVDJTsMwEJ2UrZStwJGLRYXEqUoQ27GCC8ci6CI1oXJcp7VqO5HtgKKo/8GFAwhx5V+48Te4ywFanjTS03szmpkXJpxp47rfTmFpeWV1rbhe2tjc2t4p7+41dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gqH12O/9UiVZrG8N1lCA4H7kkWMYGOlh6zrIZ9J5N+xvsDdcsWtuhOgReLNSAVmqHfLX34vJqmg0hCOte54bmKCHCvDCKejkp9qmmAyxH3asVRiQXWQT64eoSOr9FAUK1vSoIn6eyLHQutMhLZTYDPQ895Y/M/rpCa6DHImk9RQSaaLopQjE6NxBKjHFCWGZ5Zgopi9FZEBVpgYG1TJhuDNv7xImidV77x6dntaqV3N4ijCARzCMXhwATW4gTo0gICCZ3iFN+fJeXHenY9pa8GZzezDHzifP3K8kdk=</latexit>

y1 2 ⌃
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�

➡ compute correlation functions:                                           (up to normalization)
<latexit sha1_base64="6JLikPBsuOvGVL6cG48ljTsmFbA="></latexit>

hO1(y1)...Ok(yk)i�,m =

Z
D�O1(y1)...Ok(yk) e

�
R
⌃ ddyL(�,m)

parameters of the model



  Observables in QFT

➡ interested in physical observables in local QFTs

particle described by the field 
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
→ dynamics encoded by Lagrangian, e.g.

<latexit sha1_base64="1DObmSpfMrQlxShQrZ3q2S45tS4="></latexit>

L = 1
2 (@�)

2 � 1
2m

2�2 � 1
4!��

4

local operator at some  
space-time point 
(e.g. polynomial in    )

<latexit sha1_base64="xyAVBROpWy2oDy1bIJyjFJUkPeA=">AAAB9XicbVDJTsMwEJ2UrZStwJGLRYXEqUoQ27GCC8ci6CI1oXJcp7VqO5HtgKKo/8GFAwhx5V+48Te4ywFanjTS03szmpkXJpxp47rfTmFpeWV1rbhe2tjc2t4p7+41dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gqH12O/9UiVZrG8N1lCA4H7kkWMYGOlh6zrIZ9J5N+xvsDdcsWtuhOgReLNSAVmqHfLX34vJqmg0hCOte54bmKCHCvDCKejkp9qmmAyxH3asVRiQXWQT64eoSOr9FAUK1vSoIn6eyLHQutMhLZTYDPQ895Y/M/rpCa6DHImk9RQSaaLopQjE6NxBKjHFCWGZ5Zgopi9FZEBVpgYG1TJhuDNv7xImidV77x6dntaqV3N4ijCARzCMXhwATW4gTo0gICCZ3iFN+fJeXHenY9pa8GZzezDHzifP3K8kdk=</latexit>

y1 2 ⌃
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�

path integral over  
all field configurations

➡ compute correlation functions:                                           (up to normalization)
<latexit sha1_base64="6JLikPBsuOvGVL6cG48ljTsmFbA="></latexit>

hO1(y1)...Ok(yk)i�,m =

Z
D�O1(y1)...Ok(yk) e

�
R
⌃ ddyL(�,m)

parameters of the model



  Observables in QFT

➡ interested in physical observables in local QFTs

particle described by the field 
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
→ dynamics encoded by Lagrangian, e.g.

<latexit sha1_base64="1DObmSpfMrQlxShQrZ3q2S45tS4="></latexit>

L = 1
2 (@�)

2 � 1
2m

2�2 � 1
4!��

4

local operator at some  
space-time point 
(e.g. polynomial in    )

<latexit sha1_base64="xyAVBROpWy2oDy1bIJyjFJUkPeA=">AAAB9XicbVDJTsMwEJ2UrZStwJGLRYXEqUoQ27GCC8ci6CI1oXJcp7VqO5HtgKKo/8GFAwhx5V+48Te4ywFanjTS03szmpkXJpxp47rfTmFpeWV1rbhe2tjc2t4p7+41dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gqH12O/9UiVZrG8N1lCA4H7kkWMYGOlh6zrIZ9J5N+xvsDdcsWtuhOgReLNSAVmqHfLX34vJqmg0hCOte54bmKCHCvDCKejkp9qmmAyxH3asVRiQXWQT64eoSOr9FAUK1vSoIn6eyLHQutMhLZTYDPQ895Y/M/rpCa6DHImk9RQSaaLopQjE6NxBKjHFCWGZ5Zgopi9FZEBVpgYG1TJhuDNv7xImidV77x6dntaqV3N4ijCARzCMXhwATW4gTo0gICCZ3iFN+fJeXHenY9pa8GZzezDHzifP3K8kdk=</latexit>

y1 2 ⌃
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�

path integral over  
all field configurations

exponential weight 
by parameter-dep. 
Lagrangian

➡ compute correlation functions:                                           (up to normalization)
<latexit sha1_base64="6JLikPBsuOvGVL6cG48ljTsmFbA="></latexit>

hO1(y1)...Ok(yk)i�,m =

Z
D�O1(y1)...Ok(yk) e

�
R
⌃ ddyL(�,m)

parameters of the model



  Observables in QFT

➡ interested in physical observables in local QFTs

particle described by the field 
<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�
→ dynamics encoded by Lagrangian, e.g.

parameters of the model

➡ compute correlation functions:                                           (up to normalization)

<latexit sha1_base64="RHGHENwFSLwmQPHU8ODn5es7XM4="></latexit>

hO1(y1)...Ok(yk)i�

→  complicated function on product of space-time         
      and parameter space     

<latexit sha1_base64="Ku2wBAE78NMOliybGeQ9yrVkz2I=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy6cVnB2kIaymQ6bYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSgQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ETFMcMlayFGwTqIZiSPB2tH4NvfbT0wbruQDThIWxmQo+YBTglYKujHBESUia0571ZpX92Zwl4lfkBoUaPaqX92+omnMJFJBjAl8L8EwIxo5FWxa6aaGJYSOyZAFlkoSMxNms8hT98QqfXegtH0S3Zn6eyMjsTGTOLKTeUSz6OXif16Q4uA6zLhMUmSSzj8apMJF5eb3u32uGUUxsYRQzW1Wl46IJhRtSxVbgr948jJ5PKv7l/WL+/Na46aoowxHcAyn4MMVNOAOmtACCgqe4RXeHHRenHfnYz5acoqdQ/gD5/MHilmRcA==</latexit>P

<latexit sha1_base64="fEVHGOcRn1TA4C+4752VMjtSe/A=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEVyERb8uiG5cV7QWaUCbTSTt0JgkzJ0IJ3bnxVdy4UMStr+DOt3HaZqGtPwx8/Occzpw/TAXX4Lrf1sLi0vLKammtvL6xubVt7+w2dJIpyuo0EYlqhUQzwWNWBw6CtVLFiAwFa4aD63G9+cCU5kl8D8OUBZL0Yh5xSsBYHfvAv+M9SbAPXDKNHccpaOp37IrruBPhefAKqKBCtY795XcTmkkWAxVE67bnphDkRAGngo3KfqZZSuiA9FjbYEzMriCf3DHCR8bp4ihR5sWAJ+7viZxIrYcyNJ2SQF/P1sbmf7V2BtFlkPM4zYDFdLooygSGBI9DwV2uGAUxNECo4uavmPaJIhRMdGUTgjd78jw0Thzv3Dm7Pa1Ur4o4SmgfHaJj5KELVEU3qIbqiKJH9Ixe0Zv1ZL1Y79bHtHXBKmb20B9Znz9g1phh</latexit>

⌃⇥ ...⇥ ⌃
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where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by

S =
m

2

2
�
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�
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�
4
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
2⇡
m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result
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where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that

K 1
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p
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for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
2⇡
m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result
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where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that
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for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
2⇡
m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result
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where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that

K 1
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for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.
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Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =
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definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result
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where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that
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for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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  Simplest example

➡ Consider in 0d:                               →  

The A-model partition function takes the form
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where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by

S =
m

2

2
�
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
2⇡
m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result
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where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that

K 1
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p
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for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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→  0d theory is tame in Pfaffian structure                
      but: special structure which is ‘sharply o-minimal’           [Binyamini,Novikov]
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  Simplest example

➡ Consider in 0d:                               →  

The A-model partition function takes the form

logZA =
1

g2A

⇣
pA(t) +

t
3

12
� Li3

�
e
�t
�⌘

+
⇣
CA �

t

24
�

1

12
log

�
1� e

�t
�⌘

+
1X

n=2

g
2n�2
A

✓
B2nB2n�2

2n(2n� 2)(2n� 2)!
+

B2n

2n(2n� 2)!
Li3�2n(e

�t)

◆
, (26)

where pA is a quadratic polynomial, CA is a constant, and Bn are the Bernoulli
numbers. To leading order in gA this is the genus zero prepotential of the conifold,
which can be expressed in terms of the periods. Using the Ran,exp-definability of
the periods in the Kähler modulus t, we infer the definability of the partition
function in µ for this leading term. In this example, however, the tameness can
also be directly inferred from the the fact that the appearing functions Lin and
the exponential function are definable in Ran,exp (see appendix B). Higher orders
in the 1/R-expansion correspond to higher genus corrections in the topological
A-model. Due to the Ran,exp-definability of the appearing functions we infer that
tameness in gM, R persists at finite genus. For the all genus partition function we
are confronted with the same problem as encountered in non-perturbative QFT,
since the infinite summation could destroy the tameness in the coupling gA of the
A-model and therefore in the radius of the M-theory. It would be interesting to
use the recent insights [43] to also show tameness in R.

4.2 Challenges for tameness in non-perturbative QFT

In this subsection we will explain some of the challenges that one has to face
in order to establish tameness results at a non-perturbative level. Firstly, we
will show that even for simple settings, in which we expect tameness to persist
at the non-perturbative level, we need new mathematical definability results go-
ing beyond those for period integrals. For example, we show that the partition
function of the zero-dimensional �4-theory is given by an exponential period, for
which definability has not been established. Secondly, we discuss the issues that
can arise when the UV theory itself contains non-tame functions. We argue, in
particular, how global symmetries of infinite order challenge tameness and how
this is linked to some conjectural properties of quantum gravity.

Zero-dimensional partition functions and exponential periods

Let us consider zero-dimensional �4-theory and determine its partition function.
The action of this theory is given by

S =
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The parameters of the theory are m and �. We assume them to be non-negative
real numbers to ensure that the path integral converges. In the free field case
the partition function is simply a Gaussian integral Z(� = 0) =

p
2⇡
m and clearly

definable in m. In the case of a non-zero value of the coupling the integral can
still be performed with the result
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where K 1
4
(x) is the modified Bessel function of the second kind. This is a non-

oscillating, exponentially decaying function. It can be rewritten in terms of con-
fluent hypergeometric functions 1F1. While this shows some analogy of the par-
tition function (28) with geometric periods, which can involve e.g 2F1, there are
important di↵erences that we want to discuss momentarily. Before doing this,
let us note that K⌫(x) is an analytic function on the real line. This implies that
it is restricted analytic for any finite length interval x 2 [x0, x1] and therefore
K 1

4
(x)|[x0,x1] is definable in Ran,exp. However, the weak coupling limit � ! 0 in

(28) is at x ! 0 and we would like to have a definability statement including this
limit. It turns out that this is an open question.

The modified Bessel function of the second kind can be written as an integral
in the following way. We recall that
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for x > 0. Note that this expression involves an integral over an algebraic form
! = dt/(t2 � 1)1/4, as for a period integral, but now includes an additional
exponential suppression factor e�xt. The generalized notion one can introduce to
capture these cases are so-called exponential periods of the form

⇧exp =

Z

⌃

e
�f

! , (30)

where f is an algebraic function and ! is an algebraic form. A precise definition
was given in [24]. In this notion one defines ⇧exp to be a special complex number,
which can be written as an integral of the form (30) with f , !, and ⌃ having spe-
cial properties stated in [24,44]. In [44] it was shown that the real and imaginary
parts of ⇧exp are volumes of certain definable sets. However, strong theorems,
as the ones in [8–10] for the period map and period integrals, are still missing.
To make progress in this direction, it would be interesting to obtain definabil-
ity results for certain exponential motives defined in the foundational work [45].
This gives a framework to consider ⇧exp(x) as being obtained from a suitable
cohomology that varies over some space parameterized by x. It is expected that
this gives a framework to discuss, for example, the definability of the modified
Bessel functions.9 We find it interesting that tameness at the non-perturbative

9We would like to thank Bruno Klingler for discussions on this point.
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➡ QFTs on finite lattice                           
 
correlation functions in 0d are ordinary integrals

4 Tameness of correlation functions

Having introduced a structure RT ,S associated to a set of QFTs T and a set of
spacetimes S, we now want to understand when this structure is o-minimal. There
are two steps involved in this process: (1) we need to ensure that Rbase, in which T

and S are definable, is an o-minimal structure, (2) we need to ensure that adding
the observables to Rbase as discussed in §3 preserves tameness. There are many
challenges to address in order to perform these steps. In particular, specifying
an appropriate tame set of theories T with as few as possible constraints will be
the task of §5. In the following we will focus on the second step. We will assert
that Rbase is o-minimal and discuss criteria that could possibly ensure that RT ,S
is o-minimal.

4.1 A toy model: QFTs on points

Let us begin by discussing the simplest situation, namely when considering a
QFT in zero-dimensions, i.e. on a point p. We have already mentioned the �4-
theory in part I, but in the following we want to be more general. Therefore,
let us assume that S(0) is the action of such a QFT with finitely many scalar
fields �1, ...,�k. While in higher dimensions, S(0) is an integral over spacetime,
in zero dimensions this is simply a function of fields evaluated at the point p.
We demand that the dependence of this Lagrangian on � and some parameters
� is definable in some o-minimal structure Rbase, e.g. S(0) = �1�2 + �2�4 and any
other polynomial is definable in Ralg. Correlation functions are evaluated by the
path integral (5), which in zero dimensions reduces to an ordinary integral

hO1...Oni� =

Z
d�1...d�k O1...On e

�S
(0)(�,�) , (16)

where the integration is performed from some initial to some final field config-
uration. Assuming that the operators Oi are Rbase-definable functions of � we
face two questions: (1) Is the structure Rbase,exp obtained by extending Rbase by
the exponential map an o-minimal structure? (2) Does the Rbase,exp-definable
function in (16) integrate to a �-dependent function that is definable in some
o-minimal structure RQFT0?

The first question can be answered a�rmatively as shown in [?]. Every o-
minimal structure remains o-minimal if one adds the real exponential function.
As simple example of this general fact we have seen in §2.2 where we listed both
the o-minimal structures Ran and Ran,exp.

The second question on whether integrals of tame functions are also tame is
longstanding in mathematics and has not been answered conclusively yet. There
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Conjecture [van den Dries][Kaiser]:  Given a real-valued tame function    
(in some o-minimal structure     ) the integral 
      
                                           
is also a tame function (in some o-minimal structure     ).
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where the integration is performed from some initial to some final field config-
uration. Assuming that the operators Oi are Rbase-definable functions of � we
face two questions: (1) Is the structure Rbase,exp obtained by extending Rbase by
the exponential map an o-minimal structure? (2) Does the Rbase,exp-definable
function in (16) integrate to a �-dependent function that is definable in some
o-minimal structure RQFT0?

The first question can be answered a�rmatively as shown in [?]. Every o-
minimal structure remains o-minimal if one adds the real exponential function.
As simple example of this general fact we have seen in §2.2 where we listed both
the o-minimal structures Ran and Ran,exp.

The second question on whether integrals of tame functions are also tame is
longstanding in mathematics and has not been answered conclusively yet. There
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function in (16) integrate to a �-dependent function that is definable in some
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eS = Ran,exp [Comte,Lion,Rolin]

However, for non-perturbative results, we need exponential to be in     . 
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➡ QFTs on finite lattice                              
 
correlation functions in 0d are ordinary integrals

4 Tameness of correlation functions

Having introduced a structure RT ,S associated to a set of QFTs T and a set of
spacetimes S, we now want to understand when this structure is o-minimal. There
are two steps involved in this process: (1) we need to ensure that Rbase, in which T

and S are definable, is an o-minimal structure, (2) we need to ensure that adding
the observables to Rbase as discussed in §3 preserves tameness. There are many
challenges to address in order to perform these steps. In particular, specifying
an appropriate tame set of theories T with as few as possible constraints will be
the task of §5. In the following we will focus on the second step. We will assert
that Rbase is o-minimal and discuss criteria that could possibly ensure that RT ,S
is o-minimal.

4.1 A toy model: QFTs on points

Let us begin by discussing the simplest situation, namely when considering a
QFT in zero-dimensions, i.e. on a point p. We have already mentioned the �4-
theory in part I, but in the following we want to be more general. Therefore,
let us assume that S(0) is the action of such a QFT with finitely many scalar
fields �1, ...,�k. While in higher dimensions, S(0) is an integral over spacetime,
in zero dimensions this is simply a function of fields evaluated at the point p.
We demand that the dependence of this Lagrangian on � and some parameters
� is definable in some o-minimal structure Rbase, e.g. S(0) = �1�2 + �2�4 and any
other polynomial is definable in Ralg. Correlation functions are evaluated by the
path integral (5), which in zero dimensions reduces to an ordinary integral

hO1...Oni� =

Z
d�1...d�k O1...On e

�S
(0)(�,�) , (16)

where the integration is performed from some initial to some final field config-
uration. Assuming that the operators Oi are Rbase-definable functions of � we
face two questions: (1) Is the structure Rbase,exp obtained by extending Rbase by
the exponential map an o-minimal structure? (2) Does the Rbase,exp-definable
function in (16) integrate to a �-dependent function that is definable in some
o-minimal structure RQFT0?

The first question can be answered a�rmatively as shown in [?]. Every o-
minimal structure remains o-minimal if one adds the real exponential function.
As simple example of this general fact we have seen in §2.2 where we listed both
the o-minimal structures Ran and Ran,exp.

The second question on whether integrals of tame functions are also tame is
longstanding in mathematics and has not been answered conclusively yet. There
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P(Ran,exp)

special, but interesting case:    exponential periods with parameters
<latexit sha1_base64="gPI9BkT6iCFGAFd4mymk5PCvMII=">AAACJXicbVDLSgMxFM34rPVVdekmWARdWGbE10Kh6EKXFawKnVrupHdqMMkMSUYoQ3/Gjb/ixoUigit/xbQW8XUgcDjnHm7uiVLBjfX9N29kdGx8YrIwVZyemZ2bLy0snpsk0wzrLBGJvozAoOAK65ZbgZepRpCRwIvo5qjvX9yiNjxRZ7abYlNCR/GYM7BOapX2wxpfC4ULtGGdHtCQK9vKw2OQEnoUr/KN+Mvu0TCR2IEvoVUq+xV/APqXBENSJkPUWqXnsJ2wTKKyTIAxjcBPbTMHbTkT2CuGmcEU2A10sOGoAommmQ+u7NFVp7RpnGj3lKUD9XsiB2lMV0ZuUoK9Nr+9vvif18hsvNfMuUozi4p9LoozQW1C+5XRNtfIrOg6Akxz91fKrkEDs67Yoish+H3yX3K+WQl2KtunW+Xq4bCOAlkmK2SNBGSXVMkJqZE6YeSOPJAn8uzde4/ei/f6OTriDTNL5Ae89w9aFqP5</latexit>

⇧(�) =

Z

�
e�f(�)!(�)

<latexit sha1_base64="YsaxT+PTxZbvz+OrtYPEb461E3Q=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQN2VGfC2LblxWsA9sh5LJZNrQTDIkGaEM/Qs3LhRx69+4829M21lo64HA4Zxzyb0nSDjTxnW/ncLK6tr6RnGztLW9s7tX3j9oaZkqQptEcqk6AdaUM0GbhhlOO4miOA44bQej26nffqJKMykezDihfowHgkWMYGOlx6ja4zYc4tN+ueLW3BnQMvFyUoEcjX75qxdKksZUGMKx1l3PTYyfYWUY4XRS6qWaJpiM8IB2LRU4ptrPZhtP0IlVQhRJZZ8waKb+nshwrPU4DmwyxmaoF72p+J/XTU107WdMJKmhgsw/ilKOjETT81HIFCWGjy3BRDG7KyJDrDAxtqSSLcFbPHmZtM5q3mXt4v68Ur/J6yjCERxDFTy4gjrcQQOaQEDAM7zCm6OdF+fd+ZhHC04+cwh/4Hz+AMvZkFw=</latexit>

f(�)
<latexit sha1_base64="ym5AYY+237DhQjO9o25QV8l/LVI=">AAAB+HicbVDLSgMxFM34rPXRUZdugkWomzIjvpZFNy4r2Ad0hpLJZNrQPIYkI9ShX+LGhSJu/RR3/o1pOwttPRA4nHMP9+ZEKaPaeN63s7K6tr6xWdoqb+/s7lXc/YO2lpnCpIUlk6obIU0YFaRlqGGkmyqCeMRIJxrdTv3OI1GaSvFgxikJORoImlCMjJX6biWQnAxQLWA2E6PTvlv16t4McJn4BamCAs2++xXEEmecCIMZ0rrne6kJc6QMxYxMykGmSYrwCA1Iz1KBONFhPjt8Ak+sEsNEKvuEgTP1dyJHXOsxj+wkR2aoF72p+J/Xy0xyHeZUpJkhAs8XJRmDRsJpCzCmimDDxpYgrKi9FeIhUggb21XZluAvfnmZtM/q/mX94v682rgp6iiBI3AMasAHV6AB7kATtAAGGXgGr+DNeXJenHfnYz664hSZQ/AHzucPGy6Svg==</latexit>

!(�)
algebraic function
algebraic differential form



  Are all QFTs tame? 

➡ Non-tameness of Lagrangian:  easy to get non-tame Lagrangian by  
                                                      picking non-tame potential V(x)                                              

15



  Are all QFTs tame? 

➡ Non-tameness of Lagrangian:  easy to get non-tame Lagrangian by  
                                                      picking non-tame potential V(x)                                              

Simple:
<latexit sha1_base64="KXyGh7tBp3a7YDPncczM3DkkQyM="></latexit>

V (✓) = A cos(✓) +B cos(↵ ✓) ↵ irrational

15



  Are all QFTs tame? 

➡ Non-tameness of Lagrangian:  easy to get non-tame Lagrangian by  
                                                      picking non-tame potential V(x)                                              

Simple:
<latexit sha1_base64="KXyGh7tBp3a7YDPncczM3DkkQyM="></latexit>

V (✓) = A cos(✓) +B cos(↵ ✓) ↵ irrational

15

Fancy:                         vacuum locus is infinite spiral    
→  existence would also challenge Distance Conjecture

[TG,Lanza,Li]



  Are all QFTs tame? 

➡ Non-tameness of Lagrangian:  easy to get non-tame Lagrangian by  
                                                      picking non-tame potential V(x)                                              

Simple:
<latexit sha1_base64="KXyGh7tBp3a7YDPncczM3DkkQyM="></latexit>

V (✓) = A cos(✓) +B cos(↵ ✓) ↵ irrational

[Tachikawa]More Fancy:

We show this by resorting to the negative solution to Hilbert’s 10th problem4 we reviewed in
Sec. 2.4. Take a Diophantine equation

P⇠(x1, . . . , xk) = 0 (3.3)

over Z corresponding to a Turing machine ⇠. We now consider a Wess-Zumino model with 2k+1
chiral superfields Y , Z1, . . . , Zk and X1, . . . , Xk, with the superpotential

W⇠ = Y P⇠(X1, . . . , Xk)
2 +

X

a

Za(sin 2⇡iXa)
2
. (3.4)

Let us now look for supersymmetric vacua of this model. The condition @W⇠/@Za = 0
imposes the condition Xa 2 Z. Then the condition @W⇠/@Y = 0 imposes the condition P⇠ =
0. When these two conditions are met, the remaining F-term conditions @W⇠/@Xa = 0 are
automatically satisfied, without restricting the vacuum expectation values of Za and Y . We found
that this model breaks supersymmetry if and only if the Diophantine equation P⇠ does not have
any solution over integers, i.e. if and only if the Turing machine ⇠ does not halt.

Now, the undecidability of the halting of Turing machines immediately means that there is
no uniform algorithm to decide if a given 2d N=(2, 2)-supersymmetric Wess-Zumino model is
supersymmetric or not. Furthermore, by using the Turing machine ⇠ZFC which looks for a con-
tradiction of ZFC, we can construct a Wess-Zumino model with the superpotential W⇠ZFC which
breaks supersymmetry if and only if ZFC is consistent, which can neither be proved nor be dis-
proved by means of ZFC itself.
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models consistent with  
Quantum Gravity

tame set of effective theories  
that has tame physical  
observables

➡ Tameness of effective theories compatible with Quantum Gravity
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level forces us to tackle a new class of functions.

Clearly, it would be helpful to know whether these functions are Ran,exp-
definable, or perhaps definable in another o-minimal structure. Not yet knowing
this, we will at least give a name to our ignorance: let us denote the structure to
which 0d QFT observables belong as RQFT0. We will discuss its precise definition
in §5.1. Our question then becomes, is RQFT0 o-minimal and if so, is it a new
structure or simply Ran,exp.

One-dimensional partition functions and quantum periods

There are reasons to think that quantum mechanics also leads to a new class of
functions, possibly requiring a di↵erent definition of tameness. A very interesting
approach to the full quantum problem is the exact WKB method, see [46] and
references therein. In a complicated way explained there, the spectrum can be
determined using a modified Bohr-Sommerfeld condition (22) defined in terms of
“quantum periods.” Another important relation discussed in this literature is to
1 + 1 integrable QFT [47].

In §5.1 we will discuss a structure RQFT1 defined by the observables of 1-
dimensional QFT, so that we can ask: is it o-minimal?

Counterexamples, global symmetries, and tameness in the UV

Having discussed situations where we expect tameness to be present, let us now
turn to cases where tameness is absent and discuss reasons and remedies for this.
We can distinguish various classes of counterexamples according to the restric-
tions we place on the UV definition of the theory. For example, we might not be
surprised to find that a theory whose UV Lagrangian includes non-tame functions
has a non-tame partition function. Whether or not this can actually happen in
theories compatible with quantum gravity will be the subject of section 5. How-
ever, a priori there appears to be nothing wrong to include a non-tame function
in the definition in the UV theory.

The basic example here is a theory with a theta angle ✓, such as 4d QCD.
If we regard the partition function as a function of ✓ 2 R then of course it is
not tame due to the presence of a periodic potential cos ✓. This issue is easily
remedied by identifying ✓ ⇠= ✓ + 2⇡ and taking the domain to be ✓ 2 [0, 2⇡).
More generally, let us consider a theory depending on couplings � varying over
some parameter space P. We want to study the symmetry group G acting on �,
in some faithful representation, such that the partition function is invariant

Z(g · �) = Z(�) . (31)

25

→ never tame if |G| is infinite
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     broken in full Z
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e.g. consider discrete symmetry group G

level forces us to tackle a new class of functions.

Clearly, it would be helpful to know whether these functions are Ran,exp-
definable, or perhaps definable in another o-minimal structure. Not yet knowing
this, we will at least give a name to our ignorance: let us denote the structure to
which 0d QFT observables belong as RQFT0. We will discuss its precise definition
in §5.1. Our question then becomes, is RQFT0 o-minimal and if so, is it a new
structure or simply Ran,exp.

One-dimensional partition functions and quantum periods

There are reasons to think that quantum mechanics also leads to a new class of
functions, possibly requiring a di↵erent definition of tameness. A very interesting
approach to the full quantum problem is the exact WKB method, see [46] and
references therein. In a complicated way explained there, the spectrum can be
determined using a modified Bohr-Sommerfeld condition (22) defined in terms of
“quantum periods.” Another important relation discussed in this literature is to
1 + 1 integrable QFT [47].

In §5.1 we will discuss a structure RQFT1 defined by the observables of 1-
dimensional QFT, so that we can ask: is it o-minimal?

Counterexamples, global symmetries, and tameness in the UV

Having discussed situations where we expect tameness to be present, let us now
turn to cases where tameness is absent and discuss reasons and remedies for this.
We can distinguish various classes of counterexamples according to the restric-
tions we place on the UV definition of the theory. For example, we might not be
surprised to find that a theory whose UV Lagrangian includes non-tame functions
has a non-tame partition function. Whether or not this can actually happen in
theories compatible with quantum gravity will be the subject of section 5. How-
ever, a priori there appears to be nothing wrong to include a non-tame function
in the definition in the UV theory.

The basic example here is a theory with a theta angle ✓, such as 4d QCD.
If we regard the partition function as a function of ✓ 2 R then of course it is
not tame due to the presence of a periodic potential cos ✓. This issue is easily
remedied by identifying ✓ ⇠= ✓ + 2⇡ and taking the domain to be ✓ 2 [0, 2⇡).
More generally, let us consider a theory depending on couplings � varying over
some parameter space P. We want to study the symmetry group G acting on �,
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Legendre function of second kind     

➡ Klein-Gordon field of mass      :
→ in AdS space:  propagator
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